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PREFACE 

TO THE SECOND EDITION. 



Our Oommon Schools have reached that stage of advance- 
ment which enables them to pursue a more extended course of 
studies than formerly. 

A few years ago Geographical Studies were hardly known in 
our Common Schools ; now, every child is taught, at least, the 
elements of Geography. In the same way Algebra is fast find- 
ing ite proper place among other branches of an elementaiy 
education. 

In a logical point of view, there is perhaps no science so well 
calculated to awaken a vigorous and ri^d exercise of the reason- 
ing powers as Mathematics. 

Algebra and Geometry are the two great pillai^s of this science. 
Algebra, being more nearly allied to Arithmetic, may be made 
to precede the study of Geometry. Indeed, Algebra is a sort of 
universal Arithmetic, and affords great assistance to a clear and 
correct comprehension of the various Arithmetical rutes in fre- 
quent use. 

It cannot, however, be eiipiected, at present, that our Common 
Schools should pursue Algebra to the same extent as pursued in 
our Colleges ; still they may, to good advantage, acquire the 
more elementary portions of this branch of Mathematics. 

With these views before me, I have endeavored to prepare a 
clear and concise exposition of the Elements of this important 
branch of Mathematics, which should be adapted to the present 
wants of our Common Schools. 
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4 PBEFAOE. 

The plan of this work is quite similar to that of my ^ Treatise 
on Algebra," and may in some respects be regarded as an Intro- 
duction to that work. 

Under Chapter VIL, I have introduced a method of elimina- 
tion by Indeterminate Multipliers. This method was first given, 
I believe, by the celebrated Laobange, in his Meeanique Ana- 
lytique. I have given also, under this chapter, an entirely new 
method of solving three simultaneous simple equations, which, 
from the peculiar process employed, may be called The Chequer- 
Board Method. 

Under Chapter VIIL, I have also thought it not out of place 
to give a few examples immediately after Permutations and Com- 
binations, on the Theory of Probabihties. 

Should these few Elements of Algebra be found to aid in ele- 
vating the standard of our Common-School education, I shall 
feel that my object in preparing this book has been accom- 
plished. 

Geo. K Pebkins. 

XJtioa, March, 1846. 
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PREFACE 

TO REVISED EDITIOX. 



In the present edition we have made such additions, 
explanations, and modifications, as a long use of this 
book in actual class exercises, seemed to point out as 
necessary. 

During a period of eight years the author has used 
this work in the New York State Normal School. The 
large number of pupils thus coming under his instruc- 
tion, possessing, in a high degree, a spirit of inquisitive- 
ness, as well as of close investigation, have afibrded 
him a rare opportunity of observing the defects, as well 
as faults of his book. 

He has endeavored to supply these defects, and to cor- 
rect these faults ; and at the same time to add much 
that will be interesting,'as well as useful, to the mathe- 
matical student. 

Gbjo. B. PER?ma, 

Uncu, Marcb, 1854, 
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ELEMENTS OF ALGEBRA. 



CHAPTER I. 
DEFINITIONS AND PRELIMINARY RULES. 

DEFINITIONS AND SYMBOLS. 

(Article 1.) Algebra is that branch of Mathematics^ in which 
the operations are performed by means of figures^ letters, and 
9i^ or symbols. 

(2.) In Algebra, quantities, whether given or required, are 
usually represented by letters. The first letters of the alphabet 
are, for the most part, used to represent known quantities ; and 
* the final letters are used for the unknown quantities. 

(3.) The symbol =, is called the sign of equality; and de- 
notes that the quantities between which it is placed, are equal 
or equivalent to each other. Thus, $1=100 cents, which is 
read, one dollar equals one hundred cents. In the same way 
a=ft, is read, a equals b ; and the same for other similar ex- 
pressions. 

(4.) The symbol +, is called the sign of addition, or pltis; 
and denotes that quantities between whidi it is placed, are to be 
added together. Thus a+b=zc, is read, a and b added, equals c. 
Again, a4-6+c=(f+a?, is read, a, 6, and c added, equals d and x 
added. 

(5.) The symbol — , is called the sign oi subtraction, ortninus; 
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12 XLEMBNTS OF ALGEBRA. 

and denotes that the quantify which is placed at the right of it 
is to be subtracted from the quantity on the left Thus, a-^bzziCf 
is read, a diminished by b equals c. 

(6.) When algebraic quantities are written without any sign 
prefixed, they are understood to be affected by the sign plus^ and 
the quantities are said to be positive or affirmative ; but quan- 
tities having the sign mintis prefixed, are called negative quanti- 
ties. Thus, a is the same as +<^ & is the same as +b, and each 
is called a positive quantity ; while —a, —6, are called negative 
quantities. 

(7.) The symbol x , is called the sign of multiplication; and 
denotes that the quantities between which it is placed, are to be 
multiplied together. Thus, a x d=c, is read, a multiplied by 6 
equals e. Multiplication is also represented by placing a point 
or dot between the Actors, or terms to be multiplied. Thus, a . 6 
is the same as aX&* Another method frequently employed, is 
to unite the quantities in the form of a word. Thus, ahc is the 
same as a,b.c, or aX&Xc 

(8.) The symbol -r, is caUed the sign of division; and de- 
notes that the quantity on the left of it is to be divided by the 
quantity on the right Thus, a-^&=(;, is read, a divided by b 
equals c. Division is also indicated by placing the divisor under 
the dividend, with a horizontal line between them, like a vulgar 

fraction. Thus, - is the same x-r-y* 

(0.) When quantities are inclosed in a parenthesis, brace, or 
bracket, they are to be treated as a simple quantity. Thus, 
{a+b)-i-c, indicates that the sum of a and 6 is to be divided 
by c. Again, each of the expressions, (a?— y)^« ; {a?-— y } -r2 ; 
[aj— y]-r«, is read, y subtracted from x, and the remainder di- 
vided by z. The tame thing may be expressed by drawing a 
horizontal line, or bar, over the compound quantity, which lino 
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DBFECnnONS AND 8THB0LS. 13 



or bar is called a vinculum. Thus, x+yxz^ denotes, that the 
sum of X and y is to be multiplied by z. 

(10.) When a quantity is added to itself several times, as 
c-fc+c+c, we may write it but once, and prefix a number to 
show how many times its value has been repeated by this addi- 
tion. Thus, c+c-fc is the same as 3c ; rf+rf+rf-frf is the same 
as 4d. The numbers thus prefixed to the quantities are called 
coefficients. Thus, in the expressions 3c, 4(f, the coefficients of c 
and df are 3 and 4 respgctively. A coefficient may consist itself 
of a letter. Thus, in tiie expression nx, n may be regarded as 
the coefficient of ^ ; so also may x be considered as the coeffi- 
cient of n, 

Wben no coefficient is written, the quantity is regarded as 
having 1 for its coefficient. Thus, a is the same as la, and xy 
is the sfflne as Ixy, 

(11.) The continued product of a quantity into itself is usually 
denoted by writing the quantity once, and placing a number 
over the quantity, a little to the right. Thus axaxa is the 
same as a\ The number thus placed over the quantity, is called 
the exponent of the quantity, and denotes the number of equal 
&ctors whicb are to be multiplied together. Also, ax axaxa 
is the same as a^. 

When a quantity is written without any exponent, it is under- 
stood that its exponent is 1. Thus, a is the same as a\ and 
(^+y)X»* is the same as (a:-i-y)' X w^^ 

(12.) The reciprocal of a quantity is the value of a unit when 

divided by that quantity. Thus, - is the reciprocal of a ; also -r 
is the reciprocal of b, 

(13.) An Algebraic expression is any combination of letters 
and numbers, formed by the aid of algebraic signs, in conform- 
ity with the foregoing definitions. 
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14: SUSMENTB OF AliGEBSA. 

An algebraic expressioii composed of two or more terms con- 
nected by + or — , is called a,polynamal, A polynomial com- 
posed of but two terms, is called a binomial ; one composed of 
three teims, is called a trinomial. 

Thus, 3a 4-56 i 

Ta;*— 3y* >• are binomials. 

3a— af*' 
3a*+26— a; ) 

4m4-y +a > are trinomials. 
6h -x +d ) 



ADDITION. 

(14.) Addition, in Algebra, is finding the simplest expression 
for several algebraic quantities, connected by -f or — . 

Suppose we wish to find the sum of 3 apples, 7 apples, 4 ap- 
ples, and 10 apples. From what we know of arithmetic^ we 
should proceed as in the following 

OPERATION. 

3 apples^ 
7 apples, 

4 apples, 
10 apples, 

24 apples = sum of all. 

I^ instead of writing the word apples, we write only a, its ini- 
tial letter, we shall have this second 

OPEBATION, 

3a 

7a 

4a 
10a 
24a s sum of aU the a's. 
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ADDmON. 15 

If a, instead of representmg an apple, stands for any other 
thing, then would the sum of do, 7a, 4a, and lOo, be accnratelj 
represented bj 24a. 

Frequently, in algebra, the quantities to be united or added, 
are all placed in the same horizontal line. The above quanti- 
ties, when placed after this method, become : 

3a+Ta+4a+ 10a= 24a. 

(15.) We may remark that in algebra the results are, in gen- 
eral, true, whatever values are given to the letteis. In this ex- 
ample, suppose a=z5, and we shall have this 

OFESA.TIOK. 

3a= 3X5= 16 

1a= 7x5= 35 

4a= 4x5= 20 
lQa=: 10x5 = 50 
24a=24x 6=120 

Again, suppose a=2, and we have this second 

OPEBATION. 

3a= 3x2= 6 

1a=z 7x2=14 

4a= 4X2= 8 

lQa= 10x2 =20 

24a=24x2=48 

As a second example, suppose James to play 6 successive 
games at marbles. The first game he wins 6 marbles ; the sec- 
ond game he loses 3 marbles ; the third game he wins 10 max- 
bles ; the fourth game he loses 8 marbles ; the fifth game he 
wins 4 marbles ; the sixth game he loses 5 marbles. How many 
marbles will he now have, on the supposition that he had none 
before playing ? 

It is obvious that if we subtract the sum of his losses finom 
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16 XLXMBZm OF AIX^EBBA. 

the sum of his ^'tw, we shall obtain the number which he 
finally has. 

If we consider the gains as pontive quantities, we ought to 
confflder his losses as negative quantities. 

The sum of his gains is found by this 

OPEBATIOV. 

6m 

10m 

4m 



20m=8um of gains. 
The sum of his losses is found by the following 



OPBBiLTION. 

—3m 
— 8»i 
—6m 



— 16m=sum of losses. 

Hence, 20m— 16m=4m=his final number of marbles; that 
is, he had 4 marbles after playing the sixth game. 

K m had represented $100, instead of one marble, then at 
the end of the sixth game, James would have had 4m=:4 
X*100=$400. 

(16.) From this we see that negative quantities are added in 
the same way as positive quantities, observing to prefix the 
— sign to the sum. 

If we consider distances measured in a certain direction as 
positive, then will distances measured in an opposite direction 
be negative. Thus, calling north latitude positive, south lati- 
tude must be considered as negative. 

Suppose a ship, in 20 degrees north latitude, to sail 15 de- 
grees south, then 6 degrees north, then 80 degrees south, then 5 
degrees north, and finally to go 10 degrees south. What lati- 
tude is she in ? 
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ADDITION. 17 

Countmg from the equator she is akeady 20 degrees north, to 
which adding the northings made, we have 

20d-\-6d+5d=zSld, 

for the latitude in which she would have been, provided she 
had made no southing. Where it may be remarked that we use 
d to represent one degree. 
The sum of the southings is 

— 16rf— 30(f— 10(f= — 66rf. 
[Jniting the sum of the northings with the sum of the south- 
ings, we get 

31rf— 56rf=— 24rf. 

Now sLQce the result is — , it shows that she is south of the 
equator, that is, she is in 24 degrees south latitude. 

(17.) It must always be borne in mind that the office of the 
negative sign is to denote a state, condition, or effect, directly 
opposite to that denoted by the positive sign. 

If the credits in a book account are considered as positive, the 
debts must be made negative. 

If the degrees of a thermometer above zero are called +> then 
those below must be called — . 

We are now prepared to give a rule corresponding to 

CASE I. 

(18.) WTien the quantities are alike but have unlike signs, 

RULE. 

/. Find the sum of the coefficients of the positive quantities ; 
and also the sum of the coefficients of the negative quantities. 

II. Subtract the less sum from the greater. 

///. Prefix the sign of the greater sum to the remainder^ 
and annex the common letter or letters. 
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18 ELEMENTS OF ALOBBBA. 

1. Fmd the fsam of 

3c— 2c+6c— 4c. 

The sum of the coefiScients of the positiye tenna is 

+3+6=8. 
The sum of the coefficients of the negative terms is 

_2-4=-6. 
The difference is 2, to which, ^ving the sign of the greafer, 
annexing the common letter, we have +2c, or simply 2c, for the 
smn sought (See Art. 6.) 

In practice, we usually write all the different terms under each 
other, as in Arithmetic. Thus, 

3c 

—2c 

Be 

—4c 

2c=sum sought 
Let this same example be wrought on the supposition that 

^=^^- 8c= 3x10= 30 

-2c=— 2xl0=-.20 

6c=z 6 X 10= 60 

— 4c = — 4x10 = — 40 

2c= 2 X 10= 20 

When c=i it becomes 

3c= 3Xi= li 
-2c=-2xi=-l 

5c^ 6Xi= H 
— 4c= — 4xi=— 2 

2c= 2xi= 1 

2. What is the sum of 7a6— 3a6+2a6+6a6— lOaft f 

OFESATIOir. 

lab 

— da5 

2a& 

Bab 

— lOaft 

ab 
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ADDITION. 19 

If the beginner finds the above too difficulty he may airange 
the podtiye and negative terms in two distinct colmnns as in 
this second 

OPSBATION. 

Yoft— Sab 
2ab—10ab 

5ab 

14a6— 13a6=a6 

3. "What is the sum of 3ax--2ax+5aX'-1ax+4€uel 

Ans, douB. 

4. Whatisthesumof 116c— 106c+l76c— 6c? Ans. llbc. 
6. What is the sum of 49apy— 37aa!y— lOoay + lOOcwy 

— 6aicy+4(My? Ans, lOOaxtf. 

6. What is the sum of 6pg+3pg— Ypg+Spg— jpg ? 

Ans. 9pq. 

7. What is the sum of Sfn^—mg+Qmg'—Bmff+lOmffl 

Ans, lOmff, 

8. What is the value of lOA— A+6A— 20A-f 8^, when A=6 f 

Ans. 3^=3x6=16. 

9. What is the value of 4a?— 10a?+a?— 6a:+5a;, when aj=4 ? 

Ans. —6a?=— 6X4=— 24. 

10. What is the value of Sad'-ad-\'6ad—12ad^ when a=2, 
and<f=3? Ans. —4arf=— 4X2X3 = — 24. 

0A8X n. 
(19.) WTien both quantities and signs are different. 

• Suppose we wish to find the sum of 8a— 66+6a+ 26— 7a— b 
+4a+Qb. 
We first proceed to find the sum of the a's by Case L Thus, 

3(9% 

6a 
--la 
4o 
6assthe sum of the a'a. 
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To the same way we find the sum of the b% as follows : 

-66 

26 

- 6 

86 

46= the sum of the 6's. 

Oomiecting these two results with their proper signs, we get 
6a+ 46 for the sum sought. We must keep in mind, that differ- 
ent letters cannot be united into one single quantit j or term. 
6a and 46 cannot make either 10a or 106, any more than 6 ap- 
ples and 4 butternuts can make 10 apples or 10 butternuts. 

From this we see that examples under this Case may be 
wrought by the following 

RULK 

/. Fifid the respective sums of like terms as in Case I, 

11. Then write these sum^ one after another, with their 
proper si^ns, 

EXAMPLES. 

1. What is the sum of Bax—'2ab + ^xy^2ax + Sxy+*Iab 
— 2afy+6aar? 





Sax 

-2ar 

6ax 


• 




^ax= 


:sum of the terms containing ax. 


-2a6 
lab 






5ab= 


isum of the terms containing ab. 




Axy 
Zxy 

5X1/=: 


:sum of the terms containing xy. 



Therefore, 1ax+5ab+6xi/=zihe total sum. 
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+ 10a?— y+96— aj+36-f 86 ? 

By arran^ng the corresponding terms under each other, we 
obtain the following 

0PERA.TI0N. 

6— 8a;— y 

-76+ 8a;+6y 

96— 3a?— 4y 

36-fl0a;+3y 

86— «— y 

Am. 146+ 6aj+3y 



8. 

4a' + han 

^Zd^-- 7 an 

2a'— 3an 

6a»+10a» 



4am— 3am* — 6a6 

—7am+ 4am' + a6 

— 8am— 10am'— 6a6 

am+ am'+20a6 



Ans. 8a'+ 5an Ana. —10am— 8am' + 9a6 



2a'a:— 3aa:*+ 2a6 
— 7a'a:+ 4a«*— 8a6 
— 6a«a;+10aa!'+12a6 

Ans. — lla'a;+lla«'+ 6a6 



6. 

3a'6'— 'ra6*+6aay 

— 7a'6'— 2a6*— axy 

8a'6'+ ah^'-nwty 



1. What is the sum of 3aA+6am— 9ajy + 3a6— a?y + 4aA 
+10am— 7ay— 6a6+5a;y+4aA— 13am ? 

Ans. llaA+3am— 12ajy— 3a6. 

8. What is the sum of a;*- y»+4ajy— 'ra;'+8y'— lOajy+Sa* 
+2y'+12«y? Ans. — a:'+9y'+6ay. 

9. Whatisthesumof3a/-.2y'+7a?— aZ+Sy*- lOaJ+a:— 4a/ 
+8y'-7ap+A^+»-3AM Ans. ~2a/+6y'-8af-2A'. 
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10. What k the sum of San"— ea'w+fioV—a'n+Vaw'—Ca'n 
+ 7aV— 10a»*-f3a'»+8a»'? Ans. 8a»*--10a»n+12aW. 

11. What is the sum of Sax + 5bx + ^cx--aX'^2bx^Scx 
+10aa?— 126ar+6&c— llca?+4aa;+6&c— (?« ? 

Ans, 16aa;-f 36a?— 8«r. 

12. What is the sum of V+3»y+y*— r*— 4»y+6y"-3r* 

— 7ry+6y"+6r*— ry+y"— Yryl -4?w. 8r*— 16ry+13y». 

18. What is the sum of 8m'— win + 6n'— m'+3mn— 6n* 
+4mn— 4m*— 5»*+6m'— 6mn? -47m. 9m*— 5»*. 

14. What is the sum of 16^+11^^— 5p/— 5^+^— ^g 
+iqp/+g^— lYp*+8i>g"— 4^^? u4»«. e^g+lSi^j*. 

15. What is the sum of Samx—^xt/+5^+9amx + 10xy 

— 1 ly* +amx+53n/ + 1 Yy"— 3am^ ? 

Ans. ISamaj+llay+lly*. 

16. What is the sum of 3a— 45c— ajy + lYa- 136c— 4iry 
+86c+10a— 3a:y+18+ajy? Ans. SOa-^Qbc-^lxy+lS. 

11. What is the sum of a;+y+2— Ya;— 3«+8y— 2+4y4-8aj 
— 'Tg- lly+122if Ans. 2x+2i/+2z. 

18. What is the sum of 3*— 4/— 7m+2/— 10*— m+lOZ 
+ 12*— 6+/+6? Ans. S^-fO/— 8m. 

19. Find the sum of 16r— 11«— 13<— I7r-f 19*+23f+29r 
+Sls-\-Slt Ans. 27r+39«+4'3r<. 

20. Find the sum of «— v+w— 3+4w+6v— 7+10^+3^ 
+5V+W. Ans. lltt+9«4-9w— 10. 

21. Find the sum of lia;+3jy+5|24-8-f 7ar+2|y— ^a:— ^2 
—2. . Ans. 8X'\-6y+5z+6. 

22. Find the sum of a«+6*+c*-4a«-6c*-76H8a«+10c* 

— 12a+36+4a-66. Ans. 6a* -66^+ 6c* -8a -26. 

23. Fbdthe sum of 8a6*— 6a*6+8a*6*-8a6+10a6^+12a6 
+6a6*-f 8a*6-a*6*. Ans. 19a!>*+8a*6+'7a*6*+4a6. 
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24. CoUect into one sum the following : cfVc+Zc^Vc—ha^i^ 

Ans. 6a'6«c+10a«6»c-6a6V-6a6V. 

25. Collect into one sum the following: 4af*--3y— 22'-j-4a* 
+6y'+8+16a?*— 10+2"-y»+a?*— 3. Ans. 21a?*+y»+32'-5. 

26. Collect into one sum the following: 4^0^-- 3 Jy*— 22 
+6ja^+4J-3a:»+2jy''-62+4y«-5a;»-9i. 

Ans. 2a;'-f3y'— 7«— 6. 

21. Collect into one sum the following: 3to*a?y— 2w«*y 

Ans. IGv^xy-'lOwxy*. 



SUBTRACTION. 

(20.) Subtraction, in Algebra, is finding the simplest expres- 
sion for the difference of two algebraic expressions. 

If we wish to subtract b from a^ we obviously obtain a—b 
(Art 5), which is the same as the addition of a and —b. (See 
Rule under Art. 19.) 

Again, if we wish to subtract 6— c from a, we first subtract b 
from a and find, as above, a— & for the result. Now, it is obvi- 
ous that we have subtracted too much b j the quantity c, therefore 
adding c to the above result, we finally obtain a—b+c, which is 
the same as the addition of a and —b+c. 

From this we conclude that subtracting a quantity is the same 
as adding it after the signs have been changed. 

Hence, for the subtraction of algebraic quantities, we have 

this 

RULK 

/. Write the terms to be subtracted, under the similar termsi 
if there are an^, of those from which they are to be subtracted. 
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11. Ooneeipe the sipns o/the iermi of the potj^nomial which 
is to be subtraetedj to be changed^ and then proceed as m ad- 
dition, 

BZAHFLBS. 

1. From 4a+86—2c, subtract a+26+c. 

Actually changiug the signs of the polynomial to be sub- 
tracted, and then placing it under the other polynomial, and 
proceeding as in addition, we have this 

ophution. 

4a+Sb—2c 
—a— 26— c 
Za+ 6— 3c difference sought 

In practice we do not usually change the signs, but only con- 
ceive them to be changed, before performing our addition. 





2. 




3. 


Prom 
Take 


326+ 3a 
56+18a 


From 
Take 


6a6y— 3«y 
— 2a^+2ay 



Remainder 276— 15a Remainder 8a6y— 6a^ 

4. 6. 

From a^+2a?y+y* From 13a^y— 4ay+ y* 

Take a?*- 2ay+y* Take 6a?y+ ay*- y* 

Rem. 4ay Rem. Yaj'y— 6a?y*+2y' 

6. From 17060+6*— 36c, subtract a6c— 66*— 46c. 

Ans. l6abc+W+bc. 
". Fromlla*«-13ar«+l76iB», subtract 10a'«-16ar»—196a». 

Ana. a*a;+2a«'+866«". 

9. From 4my— Siuc+Smn, subtract 3my— 47Mf— 6m». 

Ans, my+fur+lOmn. 
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9. From dgh^—lgy+Skm*, subtract Sffh*+5ffy+hm\ 

Ans, 6gh*-~l2gy+4hm\ 

10 From llaVy+3aar--6a6+m^— Sai'y', take 6ay+4aVy 
— 6aa?+9a6. Ans. '7aVy+9ax— 14a6+w^— Sai'y'— Say. 

11. From 3a^m— 63^^*4-21?^, take 4a^m+6a^y*+5xy. 

Arts, — a'm— 12ic*y'— 3a?y. 

12. From3a*6c— ^axy+Zmy+a, take a'6c+ 8airy4- 6a— 4f»y. 

-4««. 2a'6c— 16(Kcy+Ymy— 6a, 

13. From 4a6»— 3a'6+6m'+6n*, take ah^+a^h—m^+nK 

Ana. 3a6'— 4a»6+6m»+6n«. 

14. From ^w^xy+^wa^y—'lwx^^islikA to*iry— «7ic*y— 9«7ipy". 

-4n5. 21(^0^ +9trir*y+2iciry*. 

15. From 4ia:'=^3Jy"+4i2^ take Ija;'— lJy»+li2^+o-ft. 

^7W. 3a:'— 2y*+3af*-- a+6. 

16. From 3a*6 — 2a6* + 4a6 — 3aW, take 3a6 + aV-«'* 
— 3a6'— »i+n. -47W. 4a'6+a6'+a6— 4aV+m— «. 

IV. Take 2iry— 3iry'4-asj— 4y2J from 4iry+3a^— aa— 6y2 
+ 16. Ans, 2a;y+6a:y"— 2a»— y2+16. 

18. Take a+6»-c»+««—y» from 7a:"— 8y»—a»+3a. 

Ana. 2a— 6*+c'+6a:»— Vy*— al 

(21.) We can express the subtraction of one polynomial from 
another, by writing the polynomial which is to be subtracted, 
after inclosing it in a parenthesis, immediately after the other 
polynomial from which it is to be subtracted, observing to place 
the negative sign before the parenthesis. 

Thus, aft— 6a?y4-3am— (— 3a6 + a;y— am), denotes that the 
polynomial inclosed in the parenthesis is to be subtracted from 
the one which precedes it ; and since, to perform subtraction, we 
must change all the signs of the terms to be subtracted, it fol< 
lows that the parenthesis may be removed, provided we change 
the signs of aU the terms which it incloses. 
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The above expression will thus become 

which, lednced by unitiiig terms having like letters, gives 
4ab—1xtf+4am, 

In the same way we have 

cfb + ay— ^lam—imx + 6 — 13ir*), equivalent to 

Also, 4ary— 3ay*— Vaj"- (13a— my4-6), is the same as 
400^— 3ay*— 7a^— 13a+my— 6. 

It is also obvious tliat we may inclose any number of terms of 
a polynomial, within a parenthesis, with a negative sign before it, 
if we observe to change the ^gns of aU the terms thus inclosed. 

In this way, the polynomial 

a'6+icy— 7am— ma?— 6+13«*, 

IS made to take the following successive forms : 

a'ft+ajy- 7am— (ma; + 6— 13a:*) 
a'6+ay— (7am+ma;+6— 13«*) 
a'ft— (— ay+7am + ma;+6— 13a5*) 
a*6+«y--7am— ma?— (6— IS**). 

In a similar manner we have 

2a;" + 3y»— 72— 5+a'-6*, 
equivalent to the following expressions : 

2a?* + 3y«-72-6-(-a«+6^) 
2a:»+3y»-72-(5-a« + 6^) 
2a?»+3y»-(72+6-a»+ftO 
2a;»— (-3y«+72+6-a«+6^). 
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MULTIPLICATION. 

(22.) If we wish to multiply a by 6, we must repeat a as 
many times as there are units in b, which, by (Art 7), is done 
by writing h inmiediately after a. Thus, a multiplied by b is ab. 

Again, if we wish to multiply a by —6, we observe that this 
is the same as to multiply — -6 by a ; hence, we must repeat — b . 
as many times as there are unit^ in a. Repeating a minus quan- 
tity once, twice, thrice, or any number of times, cannot change 
it to a positive quantity. Therefore, —6, multiplied by o, or, 
which is the same, a multiplied by —6,* gives —ab. 

Finally, if we wish to multiply a— 6 by c—d, we first multi- 
ply a— 6 by c; thus, a multiplied by c gives ac, and —6 multi- 
plied by c gives — ftc ; or the work may be written as follows: 

a-b 
c 



oc— 6c=(a— -6) repeated c tunes. 

This result is evidently too great by the product of (a— 6) by 
d, since it was required to repeat (a—b) as many times as there 
are units in c less d. 

Repeating (a— 6) as many times as there are units in rf, we 

have 

a — b 
J^ 

ad — bd=z (a — 6) repeated d times. 

Subtracting this last result from the former, we have (Art 21) 
ac—bC'-(ad~^bd), which becomes ac— 5c— ac? + 6i=(a— 6) re- 
peated (c— c?) times. 

Hence, we see that —ft, when multiplied by — rf, produces it 
the product + bd. 
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(23.) From all this, we discover that the product will have 
the sign +, wjien both factors have like signs, and the product 
will have the sign — , when the factors have contrary signs. 

Perhaps the following method may assist the pupil in compre- 
hending the above rule for the sign of the product of two alge- 
braic fjEictors ; 

We will multiply —7 successively by 4, 3, 2, 1, 0, —1, —2, 
—3, — 4 ; each multiplier being a imit less than the preceding 

one. 

-Vx4= — 28 
-.7x3 = -21 
—"7X2 =— 14 
-'7X1 = - 1 

1£ we now examine these results, which have been obtained 
thus far without any difficulty, we shall notice that the successive 
products —28, —21, —14, -7, increase regularly by T. There 
is no reason why this regular increase of successive products 
should not continue, how far soever the process of multiplying 
may be extended. Hence, multiplying by 0, which is 1 less 
than our last multiplier, we must obtain 7 more than —7, that 
is, we must obtain 0. 

Again, multiplying by — 1, which is 1 less than 0, we must 
obtain 7 more than 0, that is, + 7. And when we multiply by 
—2, which is 1 less than —1, we shall have 7 more than the 
preceding product, +7, that is, we shall have -|-14. 

Exhibiting the whole process in connection, we have 

-7x 4= -28 
-7x 3= -21 
-7x 2= -14 
-7x 1=- 7 
-.7x 0= 
-7x-l= + 7 
-7x-2=-hl4 
-.7x-3= +21 
-7x-4= +28 
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From this we see that Hlq product is negative when one of the 

Actors is positive and the other negative. 

The product i& positive when both fSwjtors are negative. 

The product is zero when one of the factors is zero. 

(24.) K we wish to multiply Sa*b by 4a'6', we observe that 

(Art 11), 

3a*b =Baab 

4a^l^=i4aaabb. 
Hence, the product of 3a*6 by 4a^b\ will be 

3aab X 4aaabb = 1 2aaaaabbb = 1 2a^b\ 

From which we discover that the exponent of a, in the prod- 
uct, is equal to the sum of the exponents of a in the factors ; 
likewise, the exponent of b, in the product, is equal to the sum 
of the exponents of 6 in the fectors. 

Hence, the product of several letters having different ea^po- 
nents is equal to the product of all the letters having for expo- 
nents the sums of their respective exponents in the factors, 

CASE L 

(25.) From what has been said, we have for multiplying to- 
gether two monomials, this 

RULE. 

/. Multiply together the coefficients, observing to prefix the, 
sign + when both factors hive like signs ; and the sign — when 
they have contrary signs, 

11, Write the letters one after another ; if the same letter 
occur in both factors, add their exponents for a new exponent. 
It must be recollected that when no exponent is expressed, 1 is 
understood to be the exponent (Art 11). 

(20.) As in Arithmetic, it is obvious the product will be the 
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same, in whatever order the letters are pkced, but it will be 
found more convenient in practice, to have a uniform order for 
their arrangement The order usually adopted, is, to place them 
tiphabetically 

EXAMPLES. 

1. Multiply lla^y by 3ay. Am. 33aVy*. 

2. Multiply Ya6 by 3ac. Am. 2\a^bc. 

3. What is the product of 1 2xyz by lOx ? 

Ana. \20s?yz, 

4. What is the product of 8nin by 4mV I 

An8. 32mV. 

5. What is the product of — 3a*y by Qag ? 

Ans. — ISa'^y. 
0. What is the product of 12ar by — 3a6c ? 

Ans. — g6a"^. 
7. What is the product of — Gir'y by — Ya^ I 

Ans. 42a^y*. 
%. What is the product of — lOawV by — 11 ? 

Ans. llOamV. 
^. What is the product of —^axy by 8ay f 

u47W. — 4a'ary'. 
x<>. Multiply — ^or by —Jay. ^«*. -Ja^iry. 

11. Multiply — Jywiby — y*'*'* -^^* ^9^' 

12. Multiply foa: by Jaa:'^. -4im. -l^ai^z. 

13. Multiply TmVy by 6mwy. .4»«. 42«i»°n»y. 

14. Multiply \x by — 7ary". ^n*. — 21«*y". 
16. Multiply — 15a6c by — 2a'6c». ^n». 30aVc*. 

16. Multiply — fj3vby|aa?y. Ans. — ^|a'mya;y. 

17. Multiply ^^-^ bj -Ip"^'. ^ns. -^^h\ 
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CASE II. 

(27.) It is obvious that p9lynoimals may be muldplied by the 
following 

RULR 

/. Multiply all the terms of the multiplicand^ succemvely by 
each term of the multiplier^ and observe the same rules for the 
signs and easponents as in Case I. 

IL When there arise several partial products alike^ they 
must be placed under each other and then cdded together in 
the total product, 

(28.) The total product will be the same in whatever order 
we multiply by the terms of the multiplier, but for the sake of 
order and uniformity, we begin with the left-hand term. By 
this means we are always extending our work towards the right, 
which is more natural and simple, than to commence on the 
right, and extend the work towards the left, as we are compelled 
to do in arithmetical multiplication. 

EXAMPLES. 

1. What is the product of 3a'— 6aa; by 3o— m ? 

OPERATION. 

3a'— 6aa; multiplicand. 
3a — /n multiplier. 

9a'— ISa'ar- 3a'm4-6ama?=total product 

EXPLANATION. 

Having placed the multiplier under the multiplicand, we 
commence with 3a, the leftrhand term of the multiplier, and 
multiply it into 3a*, the left-hand term of the multiplicand, and 
obtain the product 9a', which we place for the left-hand term oi 
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the product We then multiply 3a into —-6ax, Jie second tenn 
of the multiplicand, and obtain the product —ISa^x, which con- 
stitutes the second term of the product Having multiplied all 
the terms of the multiplicand by 3a, we next multiply by — m. 
Thus, — w multiplied into 3a', gives — 3a'm, which is the third 
term of the product, and — m multiplied into — 6aar, gives 6amx, 
which is the last term of the product 

2, What is the product of Qa^Sy* by «•— 2^* ? 

OPKKATION. 

6«*— Sy* multiplicand. 
«*— 2y* multiplier. 

Qx*— da^y^ product by a:*. 

— 12.i^y'+6/ product by —23^ 

6aJ*— 15iB'y'+6y=total product 

3. Multiply a + 6 by a +6. 

OPKBATION^. 

a +b 
a +6 
a'+ab 
+ab + b^ 

Ans. a* + 2a6 + 6* 



4, Multiply a— 6 by a— 6. 



OPEBATION. 

a — b 
a- 6 



d^'—ab 
-a6+6' 

Ans. a''— 2a6-f 6^ 
5. Multiply a +5 by a— 6. 
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OPERATIOir* 

a + h 
a- b 






Examples 3, 4, and 5 may take the following forms : 
{a+b) (a+i)=(a + 6)'=a' + 6'+2a6. 

Translating these into ariJmietical language, they become 

/. The sqtiare of the sum of two numbers^ is equal to ^J^ 
ium of their squares increased by twice their product, 

II, The square of the difference of two numbers, is equai to 
the sum of their squares diminished by tvjice their product 

III. The sum of two numbers multiplied by their diff€rencey 
is equal to the difference of their squares. 

Under Chapter VH we have derived many interestbg prop- 
ositions, by translating algebraic formula into conunon language. 

6. What is the product of 6'm— Say by Gx—S I 

Ans. 66'wm:— ISory— 36*m + 0ay. 

*I, What is the product of a* -ha* -ha* by a*— 1 1 

Ans. a?'-~a\ 

8, Multiply a* -h oa? -h «• by a'— aa: -h «*. 

Ans. a*-haV+aJ*. 

9. What is the product of Vw+y by Im-^y ! 

Ans, 49»i'— y*. 

10. What is the product of a + 6+c by a + 6+c? 

Ans. a'+2o6 + 2ac+6'-h26c+c». 



B* 
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11. What is the product ol ^i'— 3ar by ^6— 2y ? 

Ans. -Ja'ft— 6a;— a'y + 6«y, 

12. What is the product of ^^-aj'+aj*—ar+l bya^ + a;— 1? 

Ans. a:"— a^^+ic*— ai' + 2«— 1. 

13. Multiply a'+a"64-a6'+fi^ V a— 6. Ans. a^— 6\ 

14. What is the product of 2x +6a;— 7 by 2a?-- 3 ? 

-4?w. 4a:'+4aj»-^29a;+21. 
16. What is the product of a- i— c by a+b—c ? 

-4n*. a'— 2ac+c*— ft". 

16. What is the product of a^'H 2ary+y" by aJ"— 2a;y+y'? 

Ans. a;*— 2a;V+y*. 

17. Multiply «*+a;"+a; + l by a?— 1. Ans. x*—!. 

18. Multiply a;*+a:'+a^+«+l by a;— 1. Ans. sx^—1. 

19. Multiply aj^+aj^+a^'+a^+aj + l by a?— 1. Ans. ««— 1. 

20. Multiply af^+x^+a^+a?+a^+x+l by a;— 1. 

Ans. a;^— 1. 

21. Multiply a;'— aJ+1 by a;+l. Ans. x^+1. 

22. Multiply a:*— a^'+ar—l bya;+l. Ans. a^—l. 

23. Multiply a?*— a^'+a;'— aj+1 by ar+1. Ans. ix^+l. 

24. Multiply a:*— a^+x'—aJ"+a;—l by a?+l. Ans. a;*— 1. 



DIVISION. 



(29.) We know by the principles of Arithmetic, that if in 
division, we multiply the divisor into the quotient, the product 
will be the dividend. 

Therefore, referring to what has been said under Multiplica- 
tion (Art. 23), we infer that when the dividend has the sign +, 
the divisor and quotient must have the same sign ; but when 
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the dividend has the sign — , then the divisor and quotient must 
have contrary signs. 

(30.) Sence, when the dividend and divisor have like signSy 
the quotient will have the sign +> ane/ when the dividend and 
divisor have contrary signs, the qttotient will have the sign -—. 

We have 'also seen under Multiplication (Art 24), that the 
product of several letters of different powers is equal to the prod- 
uct of all die letters having for exponents the sum of their re- 
spective exponents. 

(31.) Hence, if we divide any power of a letter hy a different 
power of the same letter, it is obvious that the quotient will he 
a power of the same letter having for an exponent the excess 
of the exponent in the dividend above that of the divisor. 

(32.) If we divide a^=aaaaa, continually by a, we shall ob- 
tain the following results : 

o* -ra=a*"* =a* r=aaaa 
a* 'i'a=a^^ =a* =zaaa 
a* -i-a^za^^ =a' =^aa 

^1 _t.^_.^i-i __^o _j_2 j since the divisor 18 equal to the divi- 
( dend. 

a° 'i'a=a^^ =a'~^=-= reciprocal of a (Art 12). 

a"*-f-a=a"*"* =0""= — = — = = reciprocal of a^ 

cr*-r-a=a-'''"*=a'**= = -t= reciprocal of a\ 

aaa a' ^ 

a'^-^ a= a" '^^ = a~* =r = -r = reciprocal of tf*. 

aojoa a' 

o'~*-ra=a'^'"*=a^*= = -^ = reciprocal of a*. 

oixaaa a* ^ 
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(S3.) Frcm the above scheme, toe see that whenever the expo* 
nent of a quantity becomes 0, the value of the quantity is re* 
duced to 1. 

(34.) That whenever the exjxment of a quantity is negative, 
the- quantity is the reciprocal of what it would be were its es^ 
povient positive. 

(35.) Hence, changing the sign of the exponent of a quan* 
tity, is the same as taking the reciprocal of the quantity, 

CASE I. 

(36.) From what has been said, we have, for dividing one 
monomial by another, this 

RULE, 
/. Divide the coefficient of the dividend by that of the di- 
visor, observing to prefix to the quotient the sign +» when the 
signs of the dividend and divisor are alike; and the sign — , 
when they have contrary signs. 

II. Subtract the exponents of the letters in the divisor Jrom 
the exponents of the corresponding letters in the dividend ; if 
letters occur in the divisor which do not in the dividend, they 
may (Art. 35) be written in the quotient by changit^ the signs 
of their exponents. 

(37.) It must be recollected here, and in all cases hereafter, 
that when the exponent of a letter is not written, 1 is always un- 
derstood (Art 11), and when the exponent becomes 0, the Talus 
of die power is 1 (Art. 33). 

EXAMPLES. 

1. Divide 16a'6 by 5abxt^. 

OPERATION. 

j=3a'ar*3r". 
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EXPLANATION. 

We first divide 15 by 5, and obtain 3 for the quotient, wbich 
we consider as positive, since the signs of the dividend and divi- 
sor were alike, each being positive. The exponent of a in the 
divisor is 1 understood (Art. 37), which subtracted from 3, the 
exponent of a in the dividend, gives 2 for the exponent of a in 
the quotient The exponent of 6 in the denominator, is the same 
as the exponent of b in the numerator, each being 1 ; hence, the 
exponent of 6 in the quotient is ; but when the exponent of a 
quantity becomes 0, its value is 1 (Art. 83) : so that b does not 
appear in the quotient Since the letters x and y do not occur 
in the dividend, we write the x and ^ in the quotient with the 
ogns of their €^q>onents changed. 

This quotient is read : " Three times the square of a into the 
reciprocal of ^, into the reciprocal of the square of y." 



2. Divide 6a*6« by Sah. 


Am, 2a'6. 


8. Divide 12«*y*2« by 4xyz. 


Ana. 3«*y*2;*. 


4. Divide 10m*x^ by 5x. 


Am. 2mV. 


6. Divide -HaV by Taft". 


Am. —2a«. 


6. Divide -16a*6Vby ~8a6»c*. 


Am. 2a^b\ 


7. Divide — 13ay by — 26(iy. 


Am. iay. 


8. Divide IPm^ by — 3/». 


Am. ^lJ}m\ 


9. Divide Sab*d* by 4a'bd. 


Am. 2a"-»W». 


10. Divide 20m^n*p by lOwV. 


Am. 2mr^rr^p. 


11. Divide S5xyz by la^y^. 


Am. 6jr"''y^*g. 


12. Divide -40a^y by 4al^x. 


Am. — 10a-»6-Vy. 


13. Divide Sxtf by —6a:*. 


Am. -iar^y 


14. Divide — 4w*y by 8m*. 


Am. — }m~*y. 



The results of the six preceding operations are read as follows : 
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0. " Twice the reciprocal of the cube of a, into h, into the 
cube of rf." 

1 0. " Twice the reciprocal of fw, into the reciprocal of n^ into p,^ 

11. "Plve times the reciprocal of a?, into the reciprocal of the 
square of y, into z^ 

12. " Minus ten times the reciprocal of a, into the reciprocal 
of the square of 6, into the square of x, into y." 

13. " Minus one-half of the reciprocal of a?, into y." 

14. " Minus one-half of the reciprocal of the square of m, 
into y." 

(38.) To divide one polynomial by another, we shall imitate 
the arithmetical method of lorig division. And in the arrange- 
ment of the work, we shall follow the French method of placing 
the divisor at the right of the dividend. Thus, to divide 

a^-^a^x+ab+bxhj a+x^ 
we proceed as follows : 



OPERATION. 



Dividend = a' + a*x +ab + bx 
a^+a^x 



ab + hx 
ab+bx 



a +«= divisor, 
a' -|- 6= quotient. 



EXPLANATION. 

Having placed the divisor at the right of the dividend, we 
seek how many times its left-hand term is contained in the left- 
hand term of the dividend, which we find to be a", which we 
place directly under the divisor, and then multiply the divisor 
by it, and subtract the product from the dividend ; then bringing 
down the remaining terms, we again seek how many times the 
leftrhand term of the divisor is contained in the leflrhand term 
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of this remainder, which we find to be 6 ; we then muldplj the 
divisor by 6, and again subtracting, there remains nothing ; bo 
that a' +6 is the complete quotient. 

(39.) That the operation may be the most ample, it will be 
necessary to arrange both dividend and divisor according to the 
powers of some particular letter, commencing with the highest 
power. 

CASE n. 

(40.) To divide one polynomial by another, we have this 

RULR 

T. Arrange the dividend and divisor with reference to a cer* 
tain letter ; then divide the first term on the left of the dividend 
by the first term on the left of the divisor ; the result is the first 
term of the quotient multiply the divisor by this term, and 
subtract the prodtict from the dividend. 

II, Then divide the first term of the remainder by the first 
term of the divisor, which gives the second term of the quotient; 
multiply the divisor by this second term; and subtract the 
product from the result after the first operation. Continue this 
process until we obtain for remainder ; or when the division 
does not terminate, which is frequently the case, we can carry 
on the ahove process as far as we choose, and then place the last 
remainder over the divisor, forming a fraction, which must be 
added to the quotient 

EXAIIPLBS. 

1. What is the quotient of 2a'b+b' + 2ab^-^a^ divided by 

Arranging the terms according to the powers of a, and pro- 
ceeding agreeably to the above rule, we have this 
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Dividend=a» + 2a*6 + 2a6* + ft* 
a»4- a'ft4- «** 



OPXBATION. 

a* + a6+6*=divi8or. 






a +ft= quotient. 



2. What is the quotient of 4«' + 4ic'— 29a?4-23 by 2af— 3 ? 



42»+ 4«"-29a: + 23 
4a^- eg* 

10a^-29ic 
10a^-15a? 

— 14a:+23 
-14a;+21 



OPEBATION. 

2a:- 3 



2a^-\-5x—1'i- 



2a?— 3 



2= remainder. 



In this example, we find 2 for remainder, which, being placed 

2 
over the divisor 2aj— 3, g^ves the fraction to lie added to 

our quotient 

3. Divide a^+aV+z"^ by a'+oai+z*. 

OPERATION. 






a*^az+z^ 
— a*« +z* 



4. Divide a»-3a*6+3a6«-6> by a- 6. 



-4n«. a'— 2a6+6'. 
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5. Divide 25a'— lOor+a:* by 6a— a:. Ans. ba^x, 

6. Divide 6a*— 96 by 3a— 6. Ans, 2a»+4a*+8a+16. 

7. Divide 3a?*— 26a^y— 14ary'+3Yaj'y* by 3aj'— 6ary+2y*. 

Ans, 3^—*lxy, 

8. Divide aj'+2a;y+y* by x+y, Ans, x+y, 

9. Divide x*—43!^y+63!^y^—4x/+i/* by a;*— 2a:y+y*. 

iliw. aj*- 2«y+y". 

10. Divide 64mW— 26mV by 8mW+5»i»^ 

^n«. 8mV— 5ffi»\ 

11. IXvide w*— 1 by m+1. 

Ans, m*— »i*+m'— w'+m— 1. 

12. Divide/— 2* by y +2. -Atw. y^^y'z+y^—s^, 

13. Divide a:*— y* by x—y, Ans, x^+a^y+a^y'+xy^+t/^. 

14. Divide a*-6* by a'+a'6+a6«+6». ^n«. a-5. 

15. Divide 1 by 1+6. 
Ans. l-.-i-=l-6+-^=l-6+6«- ^ 



1+6 ' 1+6 1+6 

1+0 

This division will never terminate, however far it is extended. 
Each result is the true quotient, as may be readily proved by 
multiplying it by the divisor, 1+6. The product will in each 
case be 1, the dividend. 

We have something analogous to this, in the operation of con 
verting many of our vulgar fractions into their equivalent deci 
mal values. Thus, for instance, 

^=0-3}=0-33j=:0-333j=&c. 

16. Divide 1+6 by 1—6. 

Ans. l + -^= = l+26+-^=l+26+26«+-^=&c 
1—6 1— 1 — o 
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Ans. l-_|^=i_26+^=l-26+26'-^=&c 



37. Divide 1—6 by 1+6. 

26 

AuB. l-.__=l-26- 

1+6 

18. Divide a*— 2a<;+c'— 6* by a--6— c. 

Ans. a+6— c. 

19. Divide 4ic'+4«*-29a;+24 by 2a?— 3. 

Am. 2aj«+6a;-'7+ ^ 



2«— 3 
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CHAPTER II. 

ALGEBRAIC FRACTIONS. 

(41.) In our operations upon algebraic fractions^ we shall fol- 
low the corresponding operations upon niunerical fractions, so 
flEur as the nature of the subject will admit. 

CASE I. 

To reduce a monomial fraction to its lowest term, we have this 

RULK 
/. Mnd the greatest common measure of the coefficients of the 
numerator and denominator. (See Arithmetic.) 

//. Then, to this greatest' common measure, annex the letters 
which are comiMm to both numerator and denominator ; give to 
these letters the lowest exponent which they have, whether in the 
numerator or denominator. The result will he the greatest oofmr 
mon measure of both numerator and denominator, 

III. Divide both numerator and denoininator by this greatest 
common measure (by rule under Art 36), and the resulting frac- 
tion mil be in the lowest terms. 

EXAMPLES. 

_ - Z*Jba*hxy . , 
1. Reduce ,^ ,, . to its lowest terms. 

The greatest conmion measure of 3*75 and 15 is 15, to which 
annexing ahxy, we have \6ahxy for the greatest common meaa- 
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lire of both numerator and denominator. ^ Dividing the nomerar 
tor by 15a&a:y, we find 

SYSa'&ry-r 16a6a?y= 26a*. 
In the same way we find 

15a5*ary'-7- 15a6a?y =5y* ; 

hence, we have 

Sl5a*bxy _25a* 

which, by Rule under Art. 36, becomes 

-5-^=26a*6->3r*. 

This is read, " Twenty-five times the square of a, divided by b 
times the square of y, equals twenty-five times the square of a, 
into the reciprocal of 6, into the reciprocal of the square of y." 

42aa:*vz* 
2. Reduce --- — fr to its lowest terms. 
35xyV 

In this example, the greatest common measure of the numera- 
tor and denominator is Ixj/sf ; hence, dividing both numerator 
and denominator of our fraction by Yxyz*, we find 
42aa^yz* _ 6ag'g* 
36aryV "" 6y* ' 

which is in its lowest terms 

8. Reduce — -- — r-r- to ite lowest terms. Ans, - — =. 

72?7u:*y' 4xy* 

^^ 13x* X* 

4. What is the simplest form of . ? Ans. —5. 

5. What is the simplest form of ,^ , , ? Ans. Wd^. 

^ \2abcd 

^ -rrr, • i • , /. i. ^^lobcd ^ , Cd 

6. What IS the simplest form of ,^^ ... ? ^iiw. , ,,. > 



Digitized byLjOOQlC 



ALOEBBAIO FBACnONS. 

7. What is the simplest form of ^ ? 

8. What is the simplest fonn of \ ? 

1 OOfl'ftx'v 

9. Reduce ,^^ . to the simplest form. 

120a^iry ^ 

27a'6'c 

10. Reduce ^, „. ■ to the simplest form. 

11. Reduce ■-— -^- to the simplest form. 

44a^5 

12. Reduce ^„ ,, to lowest terms. 

13. Reduce — — -^ to lowest terms. 

lllary 

14. Reduce -—5 — 5 to lowest terms. 

dmrjur 

16. Reduce , , , ,, to lowest terms. 
14afy° 

12arm* 
16. Reduce , , . to lowest terms. 

(42.) To obtain a general rule for reducing a fraction whose 
numerator, or denominator, or both, are polynomials, it would be 
necessary to show how to find the greatest common measure of 
two polynomials, a process which is too compUcated and dif- 
ficult for this place. 

There are, however, many polynomial fractions, of which the 
conmion measure of their respective numerators and denomina- 
tors are at once obvious, and of course they are then readily re- 
duced. We will illustrate this by a few 



Ant. 


1 
2y« 


Am. 


80^ 
5 


Am. 


6hx 
6a 


Am. 


be 
Sax' 


Am. 


dn 


^•86- 


Am. ^. 




Ana. 


5 

mx 


An8. 




Ans, 


3m» 
4*' 
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EXAMPLES. 

1. Reduce — . - to its simplest form. 

ax+bx ^ 

In this example, we see that x will divide both the numerator 
and denominator. Hence, 

ax+bx "~ a+b ' 

QC+ay 

2. Reduce , . to its simplest form. 

In this example, the greatest measure of the numerator and 

denominator is obviously e+y. Hence, 

(ic+ay a 

bc+by b' 

^ T> 3 abx+dx ,...,.- M b+\ 

8. Seduce —: to its sunplest form. Am. - — -. 

ahx-^ax ^ 6—1 

4. Reduce , . ^. . ., = / . tx / . .v > to its simplest foim. 
a^+2bx+b* (x+b) (x+b) ' '^ 

a^—bz 

Am. -rr-. 

x+b 

6. Reduce , , . --r= ) — --(-^ — --^, to its simplest 

m'+2mn+n' (m+«) (m+n) ^ 

- . «i— n 

form. ^n«. — ; — . 

_ - ax+bx (a+b\x . . i - 

6. Reduce r-^ — = ,^ . ^/ , to its simplest form. 

ayz+byz {a+b)yz' "^ ^ 

Ana, — , 
yz 

CASE n. 
(43.) To reduce a mixed quantity to the form of a fraction. 

RULE. 
Multiply the integral part by the denominator oftlteyractum, 
to which product add the numerator, and under the result pktce 
the given denominator. 
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EZAMPLSS. 

1. Reduce lla?H — —-^ to the form of a fractioiL 

7a? 

In this example, the integral part is llo?, which multiplied by 
the denominator Vaf, gives YVaj", to which, adding the numerator 
a?+y> we have ^^si?+x+y for the nxmjerator of the fraction 
sought, under which, placing the denominator Ya;, we finally obtain 

Y7a;«+a;+y ^^^ ^^ reduced form of 11«+^. 
7a; ' 7a; 

hx-^3^ 

2. Eeduce x to the form of a fraction. 

m . 

, wMf— 6aj— «■ 
Ans, 



m 



3. Reduce y+3a?— — — to the form of a flection. 



S+a 

4. Reduce x to the form of a fraction. 

Ans, . 

X 

5. Reduce 3a'— 6+ t; to the form of a fraction. 

7-y 

21a'--86— 3a*y+6y— «■ 

6. Reduce 9H =- to the form of a fraction. 

a— or 

9a— 6«*— 8c< 
Ans. 



a-^ 



4 

7. Reduce a+6H =• to the form of a fraction. 

a — 



a«-6«+4 

-dn*. = — 

a— 6 
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8. Eeduce — : x to the form of a fraction. 

n+p 

Ans. ' ^— . 

n+p 



0. Reduce -— 6 to the fonn of a fraction. 



4x 

10. Reduce - — ■ 8 to the fonn of a fraction. 

Sy+z 

. 4a;— 24y— 8« 

Ana. --— . 

dy+z 

1 y 

11. Reduce -— — t-oj— 1 to the form of a fraction. 

1+x 

«■— a? 
Ans. — —T. 

12. Reduce ^ +p to the fonn of a fraction. 

5 

CASE m. 

(44.) To reduce a fraction to an integral, or mixed quandtjr. 

RULK 

Divide the numerator hy the denominator ; the quotient will 
he the integral part : if there is a remainder^ place it over the 
denominator for the fractional part. 

EXAMPLES. 

9a— Ba;*— 8tf* 

1. Reduce -| to a mixed quantity. 

a^~7f 

Dividing the numerator by the denondnator, we find this 
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9a— 6aj»— 8<J* 
9a-9aj» 



FIB8T OPSBATION. 

a-ic" 



9= integral part 
Saj*— 8c^=3 numerator of fractional part 

3a^— 8d* 



Therefore the quantity sought is 94-- 



a— «* 



We win now change the order of the terms of the numerate! 
and denominator by placing the 3i^ first ; we thus find this 



— 6«" + 9a— 8c* 



SSOOND OFEBATION. 



6= integral part 

3a— 8c*= numerator of fractional part 

8a — 8c* 
Therefore, the quantity sought is 6H -j-. 

These two results are equivalent, but under different forms, 

2. Reduce to an integral quantity. Ans. a^-x. 

X 

Oaj* — ax 2a?+aaj 

3. Reduce -- — --- to a mixed quantity. Ana. 2x — - — -— •• 

3a;4-l Sz+1 

4. Reduce =- to an integral quantity. 

Ans. m^+my+f^. 

^ ^ . 20a*-10a+6 ^ . , 

6. Reduce to a mixed quantity. 

Ans. 4a— 2+--. 
od 

^ , 9v*— 18y+8aV . , 

6. Reduce -^ ^ ^ to a mixed quantity. 

9y « 

Ans. y"— 2 + -^. 
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7. Beduce = to a mixed quantity 



Am ?V 

m 



12x'— 6a:+4 

8. Reduce to a mixed quantity 

2^ii8, 20:*— 1+—- 

9. Reduce ^ ,.,^ to an mtegral quantity. 

Ans, a—h, 

10. Reduce — ~ — to an integral quantity. Ans. t— 6. 

^ , 14m'— Ym+l . . , 

11. Reduce = to a mixed quantity. 

Ans. 2m'--» -f-^. 

6a^— 3y'4-2* . , 

12. Reduce ^ to a mixed quantity. 

3 ^ J ^ 

Ans. 2a^— y*+ —. 

CASE IV. 

(45.) To reduce frflbtions to a common denominator. 

RULK 
Multiply sttccessiveli/ each numerator into all the denomina- 
tors, except its ovm, for new numerators, and all the denomira- 
tors together for a common denominator. 

EXAMPLES. 

1. Reduce -, -, -^j to equivalent fractions having a common 

denominator. 

a X 2 X Va= 14a' =new numerator of first fraction. 
bxxx ^a= *lahx =new numerator of second fraction. 
c X « X 2 = 2cx =new numerator of third fraction, 
and oj X 2 X Tars 14aa?= common denominator. 
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^ ^ 14a' labx 2cx . .,.-.. 

Therefore,-- — ; -- — : -- — : are the equivalent fractiona 
liax 14ax 14aa?' ^ 

sought. 

2. Reduce — , — , and y, to fractions having a common de- 
nominator. J 9mx ^ 4ah ^ 6axy 

6ax ' 6ax^ Qax' 

8. Reduce -, -—, , to equivalent fractions having a com- 
mon denominator. Sa+Sx^ 2ar*+2«*^ Qa^+62^ 

^^' 6a+Qx^ 6a+6x ' Qa+Qx' 

4. Reduce — r-, — , — -j — , to fractions having a common de- 

nominator. . bcdx ^ 18bda^ 15a*6c— 15&ca^ 

156^' Tbb^' 166^5 • 

6. Reduce -, -, -, ^nd -, to fractions having a common de- 
nominator. I2a 486 36c 24<f 

• 144' 144' 144' 144' 

6. Reduce —r* t~» ti» to fractions h&vmg a conmion denom- 

2o 4c od ° 

inator. ^ 24acd 12b^d Sftc* 

Ana. 



4Sbcd ' 4Bbcd ' 4Sbcd * 

Y. Reduce -, r-> -» to fractions having a common denominator. 
a b c ° 

be ac ab 

abc^ cbbc^ abc 

8. Reduce — , — , — , to fractions having a common denom- 
inator. 45a 100a 84a 

'^'^' "60 ' "60"' W 

9. Reduce — =— , — ^ — , ^, to fractions having a common de 
nominator. . 72+120 70+146 42c 

^'**' 84 ' 84 ' 84 
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6 4 
10. Reduce r> r» 0"i to fractions having a common de- 

nominator. 6a;--6 4ir+4 aa^-^a 

^"^^ 1?:^' "^^^T' "^ITT* 



CASE V. 

(46.) To add fractional quantities. 

RULE. 

Beduce the fractions to a common denominator ; then add the 
numerators, and place their sum over the common denominator. 

EXAMPLES. 

X 1. y 

1. What is the sum of — -, -, r- ? 

3a 3 1 

These fractions, when reduced to a common denominator, be- 

21a: 21a 9ay „. ., . . ^ «, . «, 

come —--, —-, ---; adding their numerators, we have 21a?+21a 
63a 63a 63a 

+day ; placing this over the common denominator, we find 

a; 1 y_ 21a;+21a4-9ay _ Ix+la+Say 
3a'*"3"^7"" 63a "~ 21a ' 

2. What is the sum of 3a:+— and x — — ? Ans. Sx+ — -. 

3. What IS the sum of ---, ---, — - — ? Ans, 2arH — 

8 4 5 60 

Sx 4a; 5x 

4. What is the sum of -r, -z-, -^ ? 

4 5 6 

. 46a:+48ar+50a; ^ . 23a? 

Ans. \,^ =2ar+-— -. 

60 60 

p, What is the sum of — — , -— - ? Ans. a. 

2 2 
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? 



Aris. 



a*+6» 



Y. What is the sum of -, t> - ^ -4«*. 

a 6 c 

O* M> 4* 4* 

8. What is the sum of -, r* 7» « ' 

9. What is the sum of ^> «» t ? -4w*. 
10. What is the sum of -4-r, r ? 



a+ft* a— 6 

11. What is the sum of -— — , ? 

x+y x—y 



hc+ac+ah 
ahc 



Am. «+- 
4* 

6a+45+8c 
12 

a*— 6* 



^TM. 



2a? 



CASE YI. 

(47.) To subtract one fraction from another. 

RULE 

Reduce the fractions to a common denomijiator ; then subtract 
the numerator of the subtrahend from the numerator of the 
minuend, and place the difference over the common denominator. 



EXAMPLES. 

2x—a 



1. From — - — subtract ^ . 
4 3 

These fractions, when reduced to a common denominator, be- 
9x+Sa , 8a;— 4rt 



come 



12 



• and 



12 



Subtracting the numerators, we 
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have 9x+ 3a — (8a?— 4a) = a: + Ya ; pladng this over the common 
denommator 12, we find 

Sx+a 2a?— a x+^a 
~4 3~"" 12 * 

2. From — -^-^ subtract — f^. ^n«. — ttt— ^. 

5 4 20 

8. From Sy+^ subtract y- ^^. Ans. 2^+ ^^"*"^^""" , 

ic-j-y a;— V 

4. From subtract . ^n». y. 

6. From ^±!^d^ subtract ^^^±1. Aa>. 1. 

4a:y 4a^ 

e— a; , 3+y , 3a;+2y 

6. From — -— subtract a-\ r-^. Ans. 2— a — . 

2 3 6 

11 2y 

7. From subtract -- — . Am, 



a;— y x+y' ' s?—f' 

1 1 h—a 

8. From - subtract 7-. Am. — r— 

a ao 

„ a4-b . a — b . - 

9. From — -— subtract — -— . Ans, h, 

2 2 



CASE VII. 

(48.) To multiply fractional quantities together. 

RULE. 

If any of the qiuintities to he multiplied are mixed, they mfist, 
by Case II., be reduced to a fractional form ; then multiply 
together all the numerators for a numerator, and all the denom- 
mators together for a denominator. 
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EXAMPLES. 

1. Mukiply -^ W -^. 

2*0 

The product of the numerators will be 

and the product of the denominators is 2 X 3 = 6. 

„ x+a x-^b a!^-\-ax+bx+ab 
Hence, -^x-y- = ^ • 

2. Multiply -^ by j:^. Ans. ^^^, 

3. What is the continued product of — ^, — ^, and ^ ! 

36— 3a:— 3^ 

^w*. — . 

98 

4. What IS the product of -^ by -^ ? ^w«. — j— • 

^2a; h^d b , 1 , 

5. What is the continued product of --, — — -, -, and -; — ■- 1 

2bhX'-'2bdx 

Ans. . 

cmrx-^cmx 

6. What is tlie product of y+^~— by -^ 2 

bf-by-\-f-l 



Ans. 



26» 



Y. What is the product of —t— and ^— ? -4»«. ^_ , . 

X ^x ^ . 6a:+«" 

8. What is the product of 3+- and - ? Ans. — gT"- 

^»«. 1. 



9. What is the product of ^^, ^— ^» ani aj+y ? 



Digitized byLjOOQlC 



66 BLEMSNTS OF ALGSBBA# 

OABB ym. 
(49.) To divide one fraction by another. 

RULE, 
If there are any mixed qiiantitieSj reduce them to ajractiona, 
form, by Case //. Then invert the divisor, and multiply as in 
Case VII. 

EXAMPLES. 

1. Divide — - — by — - — . 

4 5 

If we invert the divisor, and then multiply, we have 
3x+1 5 15a;+35 ^ . ,. , 

-T"^ Sill =l65=T" ^^' *^' ^''^^''''*- 

2. Divide ^i:?^ by ^±2?:. ^n,. $=^ 

X -" y ir+xt^ 

8.. Divide ^ , by -r-^. -Atm. 777— =-t. 

4. Divide ?^ by -^. .4?w. ^^. 

ic . a; 2 

6. What is the quotient of dvided by - ? Ans. 



x-1 ' 2 a;-l 

0^ — V* , X — V 

6. Divide — -^ by — ^. ^n*. 2ic+2y. 

Y. Divide - by -. Ans, — r. 

. a Divide ^^-^ by — r-^. ^ns. ^. 

3+a: , 4-y . 16+6aj 

9. Divide-^ by -^. ^«'- 28^=7^- 

10. Divided by 1±^. ^^. fe^. 
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CHAPTER III. 
SIMPLE -EQUATIONS. 

(50.) An equation is an expression of two equal quantidefl 
with the sign of equality placed between them. 

The terms or quantities on the left-hand side of the sign of 
equality constitute the first member of the equation, those on the 
right constitute the second member. Thus, 

a;+2=a, (1) 

1-1=^ (2) 

3a:+7=:c, (3) 

are equations. The first is read, "' x increased by 2 equals a." 
The second is read, ^ one-half of x diminished by 1 equals bP 
The third is read, " three times x increased by Y equals c." 

(51.) Nearly all the operations of Algebra are performed by 
the aid of equations. The relations of a question or problem 
are first to be expressed by an equation containing known quan* 
titles as well as the unknown quantity. Afterwards we must 
make such transformations upon this equation as to bring the 
unknown quantity by itself on one side of the equation, by which 
means it becomes known. 

(52.) An equation of the first degree^ or a simple equation^ 
is one, in which the unknown quantity has no power above the 
first degree. 

(53.) A quadratic equation is an equation of the second de- 
gree ; that is, the unknown quantity is involved to the second 
power, and to no greater power, 
c* 
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(54.) An equation of the third, fourth, d^c, degrees, ia one 
which contains the unknown quantity to the third, fourth, 6sc^ 
degrees ; but to no superior degree. 

(56.) The following axioms will enable us to make many 
transformations upon the terms of an equation without destroying 
their equality. 

AXIOMS. 

/. Ifeqwil quantities be added to both members of an equation^ 
the equality of the members will not be destroyed. 

IL If equal quantifies be subtracted from both members of an 
equation^ the equality of the members will not be destroyed. 

III. If both members of an equation be multiplied by the same 
quantity^ the equality will not be destroyed, 

IV. If both members of an equation be divided by the sam^e 
quantity, the equality will not be destroyed, 

CLEARING EQUATIONS OF FRACTIONS. 

(56.) When some of the terms of an equation are fractional, 
it is necessary to so transform it as to cause the denominators to 
disappear, which process is called clearing of fractions. 

Let it be required to dear of fractions the following equation : 

Now, by Axiom EL, we can multiply all the terms of this 
equation by any number we please, without destroying the equal- 
ity. If we multiply by a multiple of all the denominators, it is 
evident they will disappear. 

If we choose the least multiple of the denominators as a mul- 
tiplier, it is plain that the labor of multiplying will be the least 
possible. 

Thus, in the above example, multiplying all the terms of both 
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sides of Uie equation by 6, which is the least multiple of 2, 3, 

and 6, we have 

6+3a?+2ir— a;=6ar. (2) 

This equation is now free of fractions. 

(57.) Hence, to clear an equation of fractions, we deduce, 
from what has been said, this 

RULE. 
Multiply all the terms of the equation by any multiple of 
their denominators. If we choose the least comm^on multiple of 
the denominators for our multiplier, the terms, when cleared of 
fractions, will he in their dmplestform, 

EXAMPLES. 

1. Clear of fractions, the equation — — = — ^. 

In this example, the least common multiple of the denomina- 
tors 5, 2, and 7 is 70. Hence, multiplying all the terms of our 
equation by 70, we find 

14a?— 14a=35a;+356-10, 
for the equation when cleared of fractions. 

^ ^1 -/. .. ^—2 . x+a a?— 6 . x 

2. Clear effractions — — | — — =a?+— . 

Our multiplier will, in this example, be 16. We proceed by 
saying, 16 times one-eighth of any quantity is twice that quan- 
tity; hence, 16 times the first fraction is the same as twice the 
numerator, that is, 2ar— 4. Again, 16 times one-fourth of any 
quantity is 4 times that quantity; hence, 16 times the second 
fraction is the same as 4 times the numerator, that is, 4ar+4a. 
In the same way 16 times the third fraction is the same as 8 
times its numerator; and since this fraction has the negative sign, 
it is required to be subtracted, which is effected by changing the 
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sigDS of the tenns constitating the numerator (Art 20). Hence, 
this third fraction, when cleared of its denominator, and the signs 
properly changed, gives —8a; +86. Multiplying each term of 
the second member of the equation by 16, we have 16x+x. 
The equation when thus cleared becomes 

2x—4:+ix-^4a—8x+Sh=zl6x+x. 

(58.) We must observe that when a fraction has the sign — , 
its value is required to be subtracted, so that, if it is written with- 
out the denominator, when cleared of fractions, all the signs of 
its numerator must be changed. 

X — 1 ii;-|-l X — 3 c 

3. Clear of fractions — — | — — = a+6— r. 

Ans. 42a?— 42+28a:+28— 21a;+63=84a+846— 12c. 

Ans. 30a;+20a?+15a:+12a;+10a?=:1506a 

6. Clear the equation, — | 1- - = or, of fractions. 

X m a 

Ans, a^dm+bdx+cmxz=dffmz. 

a;— 1 X — a a; + 6 

6. Clear the equation, = — 4, of fractions. 

^3 9 6 ' 

Ans, 6ar— 6— 2a;+2a=3a;+36— 72. 

J. ft j. Q j. f, 

*!, Clear ihe equation, — ? — | = -^-■, effractions. 

oca 

Ans. cdx^acd'\-hdx^Wd=^hcx—hc\ 

X Of 1) c 

8. Clear the equation, o + q + 7 = o* ^^ fractions. 

Ans. 6a;+4a+36=2c. 

Ans. 30a?— 30+20a:— 40 + 15a;— 46=12«. 
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10. Clear the equation, - + 7 = r> of fractions. 

Am, 12a+9a:=10A 

1 1. Clear the equation, -r-\ h - = — , of fractions. 

^ z X x^ 

' Ana, aa?+6c+6rf=6f». 



TRANSPOSITION OF TBE TERMS OF AN EQUATION. 

(59.) The next thing to be attended to, after clearing the 
equation of fractions, is to transform it so that all the terms con- 
taining the unknown quantity may constitute one member of the 
equation. 

If we take the equation -^ 

;-i+f=«. (.) 

we have, when cleared of fractions, 

6a— 3a;+26ar=48a?. (2) 

If we add to both members of this equation ZX'^2hx (Axiom 
L), it becomes 

6a— 3a;+26a:+3a;— 26a:=48a:+3a;— 2&C. (3) 

All the terms of the left-hand member cancel each other, ex- 
cept 6a. 

Therefore, we have 

6a=48a:+3aJ— 25a?, (4) 

in which all the terms of the right-hand member contain x. 
If we compare equation (4) with (2), we shall discover that 

the terms --3«+25a;, which are on the left side of equation (2), 

are on the right side of equation (4) with their signs changed. 
Hence, we conclude that the terms of an equation may change 

sides, provided they change «'gns at the same time. 
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(60.) To transpose a term from one side of an equation to ihe 
other, we must observe this 

RULE. 

Any term may he transposed from one side of an equation 
to the other, by changing its sign. 

EXAMPLES. 
X^Q OX 

1. Clear the equation ——+26= — + 2 of fractions, and 

transpose the terms so that all those containing x may constitute 

the right-hand member. 

First, clearing the above equation of fractions, by Rule under 

Art. 67, we have 

2a;+12+104=6ar+8. 

Secondly, transposing 2x from the left member to the right 
member, and 8 from the right member to the left, we have 

12 + 104— 8= 6a;— 2a;, for the result required. 

X a+a; . ' 

2. Clear the equation =7 J of fractions, and trans- 

2 3 

pose the teriQS. Ans, 3a;— 2a;=46+2a. 

7a? X X 

3. Clear of fractions the equation -- — 3J+- = - + 2, and 

transpose the terms. Ans. 14a;+3a?— 2a?= 36 + 60. 

transpose the terms of the equation, 
Ans, aa;+6a;— aa;+6aj=c+2a— 2^ 



4. Clear of fractions and transpose the terms of the equation, 
X 2+a; c 

o— 6 a+h *" a'— 6'* 

(61.) "We are now prepared to find the value of the unknown 
quantity. If we take the answer to the last example, it may be 
written thus, 

(a+6— a+6) a;=c+2a— 26. 
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Uniting the like terms within the parenthesis, it becomes 

2fta:=c+2a— 26. 
Dividing both sides of this equation hj2b (Axiom IV.), we find 

c + 2a— 26 

26 

Hence, the value of a; is now known, since it is equal to the ex' 

pression 

c+2a— 26 

26 • 

(62.) It is obvious that the terms of an equation may be so 
transposed as to cause all the terms to constitute but one mem- 
ber of the equation, and then the other member will be zero. 

Thus, if a:+6— a=3— 2a;, 

then will a;+2ic+6— 3— a=0. 

If we so transpose the terms of this last equation, as to make 
ihem constitute the right-hand member, we shall have 
0=— a;— 2a?— 6+3+a. 

In the higher parts of Analysis, equations are frequently re- 
duced to this form, so that the positive and negative quantities 
cancel each other. 

We may change the signs of all the terms of both members of 
an equation, without transposing them. Thus, the equation 

c — 3a; — 2a-|-a;-f 6=m— 4aj-|-<3t, 
with signs changed, becomes 

— c+3a;+2a— a;— 6= — m-|-4a;— a. 
This result would have been obtained by multiplyiug each 
term by —1 (Axiom III.). 

(63.) From what has been done, we discover that an equation 
of the first degree may be resolved by the following general 
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RULE 

/. If any of the terms of the equation are fractional, the equO" 
turn must be cleared of fractions, by Rule under Art. 67. 

//. The terms must then be so transposed that all those con- 
taining the unknown quantity m^y constitute one side or member 
of the equation, by Rule under Art, 60. 

///. Then divide the algebraic sum of those terms on that 
side of the equation which are independent of the unknown quan- 
^^y> by the algebraic sum of the coefficients of the terms contain- 
ing the unknown quantity, and the quotient will be the value 
of the unknown quantity. 

EXAMPLES. 
X X 

1. In the equation - + 7 =«— 10, what is the value of x I 

This cleared of fractions becomes 

4ar-f3fl;=12a;— 120. 

When the terms are transposed and united, we have 

120=5a;. 

Dividing by 6, we get 

24=a;. 

2a;+l a?+3 

2. What is the value of aj in x — = — ; — ? 

Ans. d;=l3. 

8. Given Hz:ff_l^=6-^,to finder. 

Ans. x:^3. 

a 
4. Find X from the equation 3(M;-f - — 3=5ar— a. 

6 — 3a 

Ans. x=- 



Qa- 2b' 
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X — 2 Zx Ibx - . 

5. Given -— -+ -—=37, to find x. Am. a?=6. 

4 2 2 

Sex 2hx ^ ,,-, . afin+4am 

6. Given — - — -4=/, to find x. Jns. x=^ ^ ^ ^ , . 



m 3ci»— 2a6 

56+96- 7c 



8naf — b Sb . c 

7. Find x fi*om the equation — = — =4—0— -. 



^•'=- 16« • 
8. Given — — - + -^ =3a?— 12, to find x. Ans. a?=6. 



9. Given a: -— + --yr- =«— 1> to find a?. -4n*. a:=6. 



ir-4-7 6*c~~2 

10. Given 3a:4 h3 =ar, to find a?. Ans. ar=2. 

3 5 

3ic— 2 3iC-4-2 

11. Given — = [-— t^=«— 1, to find a?. Ana. a:=3. 

1 2. Given - — - +a;= 1 1, to find x. Am. x= 9^V 

x aj-4-2 ar 

13. Given -^ = -— , to find ar. Am. a?=6. 

2 3 18' 

The true value of the unknown quantity, substituted for its 
representative, will cause the two members of the given equation 
to become identical. 

In the last example, if we write 6 for x, the equation will be- 
come 

— = — , or 3 — 2§=|^, where each member becomes J, 

This method of verifying the solution of simple equations^ 
should be used until the student becomes perfectly familiar with it. 
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14. Given — — + — -- =8— -, to find «. Afa, ar==6 

This valne of x causes eadi member of the equation to be- 
come 2. 



16. Given — — = — 7, to find x. 



Ans, «=7. 



This value of x causes each member of the equation to be- 
come — *1. 

16. Given — — -| — — = -oF'» ^ fi^d *• -^^- a?=4- 
This value of x causes each side of the equation to become -^^ 

4 6 

17. Given - = —---, to find ar. Ans, a;=l. 

ic-t-l x+2^ 

This value of x causes each member of the equation to be- 
come 2. 

18. Given — — = — — , to find x. 

Ans, a?=464-3c— 6a. 

X — 1 X — 2 X — 3 

19. Given — — + — — =a?— 6, to find x, 

Ans. a?=ll. 



20. Given — = J^ =a:— 19, to find x. 



Ans, a:=12. 



^, _. 4+a; 6-J-a; C-J-a; , , - , 

21. Given—- -— = — 1, to find a:. 

Ans, a;=:l. 

2x 4 1 3 

22. Given = - -J- -, to find x. Ans. a;=4. 

X X 4 

23. Given — j— = — - — , to find x. Ans. »=4, 
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24. Given ^^ + ^^ + ^^ = 13, to find a?. 

Ans, a?=13. 

25. Given — - — 7— = -rr— , to find a?. 

2 4 3' 4c-6a-35 

^7W. X=z . 



;c4-l a:4-2 
26. Given -^^ + -^^ =c, to find x. 



^n«. a;=- 



a+6 * 



. X — a xA-CL X 2a 

27. Given —-— + —-— = t» to find x. Am. «= -r-. 

2 3 4' 7 



QUESTIONS, THE SOLUTIONS OF WHICH REQUIBB EQUATIONS OF 
THE FIRST DSOBEE. 

(64.) In the solution of questions, by the aid of Algebra, the 
most difiScult part is to obtain the proper equation which shall 
include all the necessary relations of the question. When once 
this equation of condition is properly found, the value of the un- 
known quantity is readily obtained by the Rule under Art. 63. 
Suppose we wish to solve, by Algebra, the following question : 
1 . "What number is that, whose half increased by its third part 
and one more, shall equal itself? 

X 

If we suppose a? to be Uie number sought, its half will be -, 

XX 

which, increased by its third part, becomes ^ + g, and this in- 

2 3 

X X 

creased by one, becomes - + ^ + 1» which by the question must 
2 o 



X X , 

Therefore, we have 77 + ^+1 =« for the equation of condition. 
2 3 



equal the number. 
Therefore, we ha 
Solving this by Rule under Art 63, we have x=z6. 
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ySBIFIOATION. 



f=iof6=3 

|=Jof6 = 2 
1 =1 



Therefore, - + - + 1 = 6, which shows that 6 is 

2 3 

truly the nuinher sought. 

Again, let us endeavor to solve this question : 

2. What number is that whose third part exceeds its fourth 
part by 6 ? 

Suppose a: to be the number, then will its third part = - ; 

3 

its fourth part = j. 

Therefore, the excess of its third part over its fourth part is 

X X 

expressed ^7 « "" 7» which, by the question, must equal 5. 

X X 

Hence, we have the following equation, - — - =5. 

3 4 

This solved, gives a:=60 ; the third part of which is 20, and 
its fourth part is 15, so that its third part exceeds its fourth part 
by 5 ; hence, this is the number sought. 

(65.) The method of forming an equation from the conditions 
of a question, is of such a nature as not to admit of any one 
simple rule, but must be in a measure left to the ingenuity of the 
student. 

It will, however, be of assistance to pay attention to the fol- 
lowing 

RULE. 

Having denoted the quantity sought by x, or some other letter. 
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toe must indicate by algebraic symbols, the same operations as 
it would be necessary to perform upon tJie true number^ in order 
to verify the conditions of the question, 

3. Out of a cask of wine which had leaked away a third part, 
21 gallons were afterwards drawn, and the cask was then found 
to be half full. How much did it hold ? 

Suppose a; to be the number of gallons which the cask held. 

Then the part leaked away must be -. 

And the part leaked awajr, together with the quantity drawn 
off, must be -+21. 

Now, by the question, the cask is still half full, so that what 
has leaked out, together with what has been drawn off, must be -. 

Hence, we have this equation, - = ~ -f 21, 

which, cleared effractions, becomes 3a;=2a?+126. 
Transposing and uniting terms, we have a; =126. 

4. There are two numbers which are to each other as 6 to 6, 
and whose difference is 40. What are the numbers t 

Suppose the numbers to be denoted by 6a; and 5x, which are 
obviously as 6 to 6 for all values of x. By the question, the dif- 
ference of these numbers is 40. Therefore, we have 6«— 5x=: 40, 
that is, a:=40. 

Hence, ^ ~" (. the numbers sought. 

5a;=6x40=200 ) ^ 

6. A farmer had two flocks of sheep, each containing the 
same number. Having sold from one of these 39, and from the 
other 93, he finds twice as many remaining in the one as in the 
other. How many did each flock originally contain ? 
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Suppose the number in each flock to be denoted by x. 
Then the flock from which he sold 39 will have remaining 
a? -39. 

And the one from which he sold 93 will hare remaining z— 93 
Hence, by the question, we have 

2x(a;— 93)=a;— 39, or 2ir— 186=a;— 39. 

Transposing and uniting terms, ^=147. 

6. Divide the number 36 into three such parts, that ^ of the 
first, I of the second, i of the third, shall be respectively equal to 
each other. 

If we denote the three parts by 2x, Bx, 4a;, it is plain that ^ of 
the first, ^ of the second, i of the third, will be equal for all val- 
ues of X, 

Now by the question, the sum of these three parts must equal 36. 

Therefore, 2x+Sx+^xz=SQ. 

Uniting terms, we have 9aj=36. 

Dividing by 9, we obtain x= 4. 

Consequently, 2a;=2x4=: 8) 

3a?=3 x4=12 >• the parts sought 
4«=4x4=16 ) 



7. Two pieces of cloth are of the same price by the yard, but 
of diflerent lengths : the one cost $5, the other $6^. If each 
piece had been 10 yards longer, their lengths would have been 
as 5 to 6. What was the length of each piece ? 

Since the price per yard was the same for both pieces, their 
lengths must have been to each other the same as the number 
of dollars which they cost, or as 6 to 6i, or, which is the same, 
as 10 to 13. 

Therefore, we will denote their lengths, in yards, by 10« and 
13a?. 
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These become, when increased by 10, 

lOiT+lO and 13aj+10, 
which, by the question, must be as 6 to 6. 
Hence, 6 (10aj+10)=5 (13a:+10). 

Expanding, 60aj+60=65aJ4-50. 

Transposing and uniting terms, we get 10= 6a:, and a?=2. 

Therefore, 10ir=10x2=2 
13a;r=13x2= 



l the lengths sought. 



8, A person engaged a workman for 60 days. For each day 
that he labored he received 8 shillings, and for each day that he 
was idle he paid 6 shiUings for his board. At the end of the 
50 days the account was settled, when the laborer received 10 
pounds 18 shillings. Required the number of working days, 
and the number of idle days. 

Let X equal the number of days he worked. Then will 60— a? 
equal the number of days he was idle. 

Also, ^x equals amount, in shillings, which he earned, and 
(50— a:)x5=250— 5a: equals amount of his board bill. 

Therefore, he must receive 8a:— (250— 5a:) = 13a?— 250, 
which, by the question, must equal £10 18«.=218«. ^ 

Hence, we have this condition, 

13a:— 250=218. 

This readily gives a:= 36= number of days he worked, and 
50— a?=50— 86 = 14= number of idle days. 

9. Divide the number 237 into two such parts, that the one 
may be contained in the other 1^ times. What are these parts ? 

K X equals the smaller part, then the larger part will be 

,, 5a: 
U:r=— . 
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Adding both parts together, we get 

«+ — =237. 
4 

This solved, gives a;=105j, and consequently 

So that the parts are 105j> and 131|. 
Had we put 4x-=i the smaller part, then the larger part would 
have been 5x. 

Now taMng the sum of the parts, we get 

4tx+5xz=2Sl. 
This solved, gives :r=:26^. 
Consequently, 4xz=105^ and 5ir=131f. 

10. Three persons. A., B., and C, draw prizes in a lottery. 
A. draws $200 ; B. draws as much as A., together with a third 
of what 0. draws ; and G. draws as much as A. and B. together. 
What is the amount of the prizes ? 

Let :r=the number of dollars which 0. drew. 

A. drew $200, and B. drew $200 + -. 

o 

Since C.'s equals the sum of A.'s and B.*s, we have this con- 
dition: 

«=200 + 200+|. 
3 

Consequently, x= 600 = C.'s money. 

Therefore, A.'s= $200 

B.'s= 400 
C.'s= 600 

Sum of the prizes = $1200 

11. Two capitalists calculate their fortunes, and it appears that 
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one is twice as rich as the other, and that together they possess 
laS^OO. What is the capital of each ? 

Ans. The one had $12900, the other $25800. 

12. The sum of $2500 is to be divided between two brothers, 
so that one receives $4 as often as the other receives $1. How 
much does each receive ? 

Ans. The one receives $500, the other $2000. 

13. Two friends met a horse-dealer leading a horse, which 
they resolved to buy jointly. When they had agreed as to the 
price, they found that the one was able to pay only the fifth part 
of the price, and the other only the seventh part, which together 
amounted to $48. What was the price of the hoi-se ? 

Ans. $140. 

14. A fortress has a garrison of 2600 men; among whom 
there are nine times as many foot-soldiers, and three times as 
many artillery soldiers as cavalry. How many are there of each 
kind ? Ans. 200 cavahy, 600 artillery, and 1800 foot 

15. Find a number, such, that being multiplied by Y, and the 
product increased by 3, and this sum divided by 2, and 4 being 
subtracted from the quotient, we shall obtain 15. Ans, 5. 

16. One of my acquaintances is now 40 years old, his son is 9 
years old. In how many years will this man, who is now more 
than 4 times as old as his son, be only twice as old as he is ? 

Ans. In 2^ years. 

17. A cook receives from his master $11|^, which he is to ex- 
pend for the same number of chickens, ducks, and geese. Each 
chicken cost i of a dollar, each duck f of a dollar, and each 
goose i of a dollar. How many did he buy of each kind ? 

Ans. 10. 

18. A gentleman spent ^ of his fortune in Holland, j- in 
France, -J- in England, and i in Italy. He has now but $975 
lefti. How much money had he at first ? Ans. $3000. 
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19. The sum of two numbers is fifty ; but when the greater is 
multiplied by 6, and the smaller by 5, the sum of the two prod- 
ucts is 276. "What are the two numbers ? Ans. 26 and 24. 

20. A person was desirous of giving 3 cents apiece to some 
beggars, but found he had not money enough by 8 cents ; he 
therefore gave them 2 cents apiece, and had 3 cents remaining. 
What was the number of beggars ? Ans. 11 beggars. 

21. Two persons, A. and B., lay out equal sums of money in 
trade : A. gains $126, and B. loses IST, and A.'s money is now 
double of B.'s. What did each lay out ? Ans. $300. 

22. The sum of $1200 is to be divided between two persons, 
A and B., so that A.'s share shall be to B.'s share as 2 to 7. 
How much ought each to receive ? 

Ans. A. $266f, B. $933f 

23. Divide the number 46 into two unequal parts, so that the 
greater divided by 7, and the less by 3, the quotients together 
may amount to 10. What are these parts? Ans. 28 and 18. 

24. In a company of 266 persons, consisting of ojQBcers, mer- 
chants, and students, there were four times as many merchants, 
and twice as many officers as students. How many were there 
of each class ? 

Ans. 38 students, 152 merchants, and 76 officers. 

25. A field of 864 square rods is to be divided among three 
formers, A., B., and C, so that A.'s part shall be to B.'s as 6 to 
11, and C. may receive as much as A. and B. together. How 
much ought each to receive 1 ' 

Ans. A. 135, B. 297, C. 432 square rods. 

26. Divide $1520 among three persons, A., B., C, so that R 
may receive $100 more than A.; and C. $270 more than R 
How much ought each to receive ? 

Ans. A. $350, B. $4^0, C. $720. 
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27. A certain sum of money is to be divided among three 
persons, A., B., C, as follows : A. shall receive $3000 less than 
the half of it, B. llOOO less than the third part, and C. is to re- 
ceive $800 more than the fourth part of the whole sum. What 
is the sum to be divided ? and what does each receive ? 

Ans. The whole sum is $38400. A. receives $16200, 
B. $11800, C. $10400. 

28. A mason, 12 journeymen, and 4 assistants receive togeth- 
er $72 wages for a certain time. The mason receives $1 daily, 
each journeyman $J, and each assistant $i. How many days 
must they have worked for this money ? Am. 9 days. 

29. A servant receives from his master $40 wages, yearly, and 
a suit of Uvery. After he had served 5 months he asked for his 
discharge, and received for this time the livery, together with 
$6\ in money. How much did the livery cost? Ans, $18. 

30. Find a number, such, that J- thereof increased by J of the 
same, shall be equal to J of it if increased by 35. Ans, 84. 

31. A gentleman spends f of his yearly income in board and 
lodging, f of the remainder in clothes, and lays by £^0 a year. 
What is his income ? Ans, £180. 

32. A gentleman bought a chaise, horse, and harness for $360. 
The horse cost twice as much as the harness, and the chaise cost 
twice as much as the harness and horse together. What was 
the price of each ? [ The harness cost $40. 

Ans. < The horse cost $80. 
( The chaise cost $240. 

33. K a reservoir can be exhausted by one en^ne in 7 hours, 
by another in 8 hours, and by a third in 9 hours, in what time 
wiU it be exhausted, if they are all worked together ? 

Ans. In 2J^^ hours. 

34. In an orchard of fruit trees, i of them bear apples, i of 
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them pears, \ of them peaches, 7 trees bear cherries, 3 plums, ' 
and 2 quinces. How many trees are there in the orchard ? 

Am. 96 trees. 

(66.) It would be a very pleasant exercise, and at the same 
time a very useful one, for the student to give analytical solutions 
to all the foregoing questions of simple equations. As an illus- 
tration of the kind of analysis required, the student is referred to 
Chapter XTT., Higher Arithmetic. 

We here give, in full, the analysis of a few of the foregoing 
problems. 

Problem 11. 

Since the one is twice as rich as the other, the wealth which 
they together possess is three times as much as that possessed by 
the poorer one. But they together possessed ISSTOO ; hence, 
one-third of this, $12900, is what the poorer one possessed, and 
twice $12900=$26800, is what the other possessed. 

Problem 12. 
Since one receives $4 as often as the other receives $1, the 
one must receive f of the whole, and the other ^ of it f of 
$2600=12000, I of $2600=1500. Hence, $2000 and $600 
are their respective shares. 

Problem 13. 
One-fiflh and one-seventh, added, make ^f, which is $48. If 
il is $48, 5\- is $48-M2=$4 ; and the whole is $4 X 36 =$140, 
the price of the horse. 

Problem 14. 

Since there arc 9 times as many foot-soldiers, and 3 times as 

many artillery soldiers as cavalry, the whole number must be 13 

times as many as the cavalry. But the whole number is 2600 ; 

hence, 2600-f- 1 3 = 200, is the number of cavalry, 200 X 9 = 1 800, 
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is the number of foot-soldiers, and 200 x 3=600, is the number 
of artillery. 

Problem 15. 

If we commence "with the result and reverse the successive 
operations, we shall evidently obtain the number sought Thus, 
if 4 had not been subtracted, the result would have been 
15+4=19. If the division had not been performed, the result 
would have been 19X2=38. Again, if 3 had not been added, 
the result must have been 38 — 3 = 35. This, divided by Y, gives 
5 for the number sought 

Problem 16. 

When the son was bom the fether must have been 40—9=31 
years of age. Hence, when the son reaches the age of 31, the 
£sither will be twice 31, that is, 62 ; but he is now 40, and in 
62—40=22 years more, he will be twice as old as his son. 

Problem 17. 

If he buys one of each kind, they will cost i+f +i=f of 
a dollar. Now, he wishes to lay out llj dollars, which is 
(ll^-f-|-=10) ten times | of a dollar; consequently he must 
purchase 10 of each kind. 

(6*7.) We will now proceed to show how problems may bo 

generalized, that is, made to embrace all problems of a similar 

kind. 

Problems 11 and 12, generalized, become as follows : 

35. Find two numbers, such that the one may be m times as 

great as the other, and that their sum may equal a. What are 

these numbers ? 

If X represent the smaller number, then will mx represent the 
larger. 
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ma 



And x+mx=za. consequently a?= -— — , and »iaf=r--- — , 
^ •' 1+m 1+m 

So that the two numbers are -- — and 



In order that these general results may agree with Prob. 11, 
we must have asslSSYOO, m=2. 
Using these values, we have 
a $88700 



l+wi 1+2 
moL 2 X $38700 



=$12900. 
=$25800. 



\+m 1+2 

If o=$2500, and m=4, we shall find 
a $2500 



The results correspond 
with Ans. to Prob. 
11. 



1+ffi 1+4 
ma 4 X $2500 



=$500. 

=$2000. 



1+ffi 1+4 

These results correspond with the answers to Prob. 12. 
Prob. 13 generalized, becomes as follows : 

• 36. Find a number, such, that when it is divided by m and 
by n, and the quotients afterwards added, the sum shall be a. 
What is this number ? 

If ar denote the number sought, we shall have this condition : 

X . X 
— + - =a. 
m n 

This immediately gives a?= . 

If we take a=$48, m=5, n=')r, we shall have 
mna 5x'7x$48 



m+n 5 + 7 

which agrees with Prob. 13. 



-=$140. 
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The geoeralizatioxi of Problems 14 and 24 may be made as 
follows : 

37. Divide the number a into three parts, such that the sec- 
ond may be m times, and the third n times as great as the first 
What are these parts ? 

Let X represent the first part 

Then will mx represent the second part 

And nx will represent the third part. 

Now, since the three parts make a, we hare this condition: 
x+mx+nx=a. 

This readily ^ves 

n. 

■ = first part 
fnx= -— = second " 

nx^--- = third " 

If we take a =2600 men^ m=3, and n=9, we shall have 

a 2600 wm ^^^ - , 

200 mew, for cavalry. 



14-m+» 1+3+9 
ma 3 X 2600 men 



1+m+n 1+3+9 

na 9X2600 wen 



= 600 mew, for artillery. 



= 1800 mew, for footrsoldiers. 



1+m+w 1+3+9 
These results ai^ee with answers to Problem 14. 
If we take a=266 persons, m=2, and w=4, we shall find 
a 266 



1+m+w 1+2+4 
ma 2X266 



- = 38 for number of students. 



1+m+w 1+2+4 
na 4x266 



= 76 for number of oflScers. 



1+m+w 1+2+4 
These results agree with Problem 24. 



= 152 for number of merchants. 
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Problem 23 may be generalized as follows : 

38. Divide the number a into two euch parts, that the sum 
of the quotients which are obtained, when the one part is di- 
vided by m and the other by w, may be equal to the number b. 
What are these parts ? 

K X represent one of the parts of a, the other part will be rep- 
resented by a— rr. And we shall have this condition : 
X a — X 



From this we immediately find 
ma^mnb 



mnb—na 



•, first part. 



, second part. 

If we take a=46, m=Y, w=3, and 5=10, we. shall have 
ma^mnh 7x46 — 7x3x10 



m—n 7—3 

mnh—na 7x3x10 — 3x40 



=28, 
18. 



m—n 7—3 

These results agree with Problem 23. 

(68.) We will add a few more Problems, giving both the par- 
ticular and general form. 

39. Divide 200 into two such parts, that the difference of 
their squares may be 400. What are the parts ? 

Am. 99 and 101. 

40. Divide a into two such parts, that the difference of their 

squares may be 6. What are the parts ? a^—h a^-\-h 

Ans. — — , -- — . 
2a ' 2a 

41. Find two numbers whose difference is 4, and the differ- 
ence of whose squares is 80. Ans. 12 and 8. 
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42. Find two nmnbers whose difference is a, and the differ- 
ence of whose squares is 6. . 6+ a* , 6— a* 

Ana, -— — and -- — , 
2a 2a 

43. A courier who had started from a certain place 10 days, 
ago, is pursued by another from the same place, and by the same 
way. The first goes 4 miles every day, the other 9. How 
many days will be required for the second to overtake the first ? 

Arts. 8 days. 

44. A courier lefl this place n days ago, and makes a miles 
daily. He is pursued by another making h miles daily. How 
many days will be required for the second to overtake the first ? 

no, 



Ans. 



6— a* 



EQUATIONS CONTAINING TWO OR MORE UNKNOWN QUANTITIES. 

(69.) In this case, we must endeavor to deduce fix)m the given 
equations, one single equation containing only one unknown 
quantity ; that is, we must cause all the unknown quantities, ex- 
cept one, to disappear, which process is called Elimination, 

FIRST METHOD. 

ELIMINATION BT ADDITION AND SUBTRACTION. 

1. Suppose we have given the two equations. 



«+y= 



x- 






Taking the sum of these two equations, we shall eliminate y, 
and find 

2ar==80, 
or, a?=16. 

Subtracting the second from the first, we shall eliminate x^ 

and obtain 

2y=8, 
or, y=4. 

D* 



Digitized byLjOOQlC 



o*jS kvemjeht^ of algebba. 

2. We haye given the two equatioDA 

to find the value of x and y. 

We will clear these equations of fractions, by multiplying the 
first by 12, and the second by 48 ; we thus obtain 

4ir+3y= 96, (3) 

8a:+3y=144. (4) 

Subtracting (3) from (4), we eliminate y, and obtain 

4ar=48. (5) 

Dividing by 4, we find 

fl-=12. 

Subtracting (5) from (3), we shall eliminate a?, and find 

3y=48. (6) 

Dividing by 3, we find 

y=ie. 

3. K we have given the two equations 

2a;-3y= 4, (1) 

8a:— 6y=40, (2) 

to find X and y, we proceed as follows : 
Dividing (2) by 2, it becomes 

4a:~.3y=20. (3) 

Subtracting (1) from (3), we shall eliminate y, and obtain 

2a?=16. (4) 

Consequently, x= S. 

Subtracting (1) from (4), we shall eliminate x, and obtain 

3y=12. 
Consequendy, y= 4. 
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From what has been done, we discover that an unknown quan* 
tity may be eliminated from two equations by the following 

RULE. 

Operate upon the two given equations, by multiplication or 
division, so that the coefficients of the quantity to be eliminated, 
may hecoms the same in both equatums ; then add the two equa- 
tions, or subtract one from the other, as may be necessary, to 
cause these two terms to disappear. 



4. Given, to find x and y, the two equations, 




3x— y=:=B, 


(1) 


y+2x=1. 


(2) 


If we add the two equations, we have 




5a;=10. 


. 


Therefore, x=2. 


(3) 


Again, multiplying (3) by 2, we get 




2x=z4. 


W 


Subtracting (4) from (2), we obtain 


««» 


y=3. 




6. Given, to find x and y, the two equations, 




M=». 


(1) 


M=«*- 


(2) 



V Cleanng these equations of fractions, by multiplying each by 

% they become 

3a;+2y=36, (3) 

2a;+3y=39. (4) 



Digitized byLjOOQlC 



84 ELEBCEKTB OF AlGSB&A. 

Multiplying (3) by 3, and (4) by 2, tbey become 

9aj+6y=108, (5) 

4x+6y= IS. (6) 

Subtracting (6) from (5), we get 
5a;=30, 
and x=e. (7) 

Multiplying (7) by 2, it becomes 

2a:=12. (8) 

Subtracting (8) from (4), we find 

3y=:2'7. 
Therefore, y=9. 

6. Suppose we wish to find Xy y, and z, from the three equations^ 
5a;— 6y+42=15, (1) 

1x+4y-3z=zld, (2) 

2x+ y+62f=46. (3) 

We will first eliminate y ; for this purpose multiply (3) first 
by 4 and then by 6, and we shall obtain 

Sx+4y+24z=lS4, (4) 

12x+6y+d6z=2le. (5) 

Add (1) to (5), and subtract (2) torn (4), and we have 
l'7ir+402=291, (6) 

x+2lz=il65. {1) 

We have now the two equations (6) and (7), and but two un- 
known quantities, x and z. 

Hence, when we have three equations containing three un- 
Jcnowns, we must eliminate one of the unknoums, so as to obtain 
two new equations, containing only two unknowns. 

In the case of four unknowns, we could eliminate one of 
these, and thus obtain three new equations, containing three 
unknoums. 
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We will now continue our solution as follows : 
Multiply (7) by lY, and it will become 

11x+469z=2S05. (8) 

Subtracting (6) from (8) we obtain 

4192=2614. (9) 

Dividing (9) by 419, we find 

0=6. (10) 

Multiplying (10) by 21, we find 

272=162. (11) 

Subtracting (11) from (7), we get 

x=S, (12) 

Multiplying (10) by 6, and (12) by 2, and then taking their 
sum, we find 

62+2a:=42. (13) 

Subtracting (13) from (3), we get 
y=4. 

(70.) We will now repeat the solution of this last questi^ 
adopting a simple and easy method of indicating the successive 
steps in the operations. 

The method which we propose to make use o^ is to indicate 
by algebraic signs, the same operations upon the respective num- 
bers of tbe different equations, as we wish to have performed upon 
the equations themselves. Thus, 

^6^— ^4^ V 3 i ^^^^^> ^** equation (6) is obtained by mul- 
( tiplying equation (4) by 3. 

no^— r7^4-/l^ ■! ^^^^^ *^^* equation (10) is obtained by 
^ )-( n^ ) j ^^.^g equations (7) and (1). 

ril^— ^6^— raW^^^^ *^** equation (11) is obtained by 
K )—\) \ )'\ subtracting equation (3) from (6). 
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fl5^— ri4^— 3 i ^^^ ^^^ equation (15) is obtained by di- 
( viding equation (14) by 3. 
And so on for other combinations. 

This kind of notation will become familiar by a little practice. 
We will now resume our equations of last example. 

/ 5x-67/-\-^z=15, (1) \ 
Given < 1x+47/—Sz=19, (2) > to find x, y, and z. 

i 2x+ y+6z=4Q, (3) ) 

Sx+ 4y+ 242= 184, (4)= (3)x4 
12a;+ 6y+ 362= 276, (6)= (3)x6 
11x+ 402= 291, (6)= (l)+(5) 
x+ 272= 166, (/)= (4)-(2) 
l7a;+4592=2806, (8)= (7)xl7 
4192=2514, (9)= (8)-(6) 
2=6, (10)= (9)~419 
272=162, (11)=(10)X27 
x=S, (12)= (7)-(ll) 
62=36, (13)=(10)X6 
2a:=6, (14)=(12)x2 
62+2«=42, (16)=(13)+(14) 
y=4. (16)= (3)-(16) 

Collecting equations (12), (16), and (10), we have 

(«=3, (12) 

Ans. < y=4, (16) 

( 2=6. (10) 

The foregoing method of indicating the successive steps of 
algebraic operations will be found convenient in blackboard work 
in dass exerciBes. It presents at once, the precise steps employed, 
by the pupil, and obviates the necessity of inquiring by what 
process any particular result has been obtained. 
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SECOND METHOD. 

(71.) ELIMINATION BY SUBSTITUTION. 

1. Suppose we have given the two equations, 

5ar+2y=45, (1) 

. 4x+ y=33. (2) 

From the first we find 

y=-2— . (3) 

Substituting this value of y in (2), we have 

4.+l^=33. (4) 

Equation (4), when cleared of fractions, becomes 

8a;+45— 5ar=66. (5) 

This gives a;=Y» 

Substituting this value of x in (3), we find 
y=6. 

2. Again, suppose we have given, to find x, y, and Zy the three 
equations, 

2a?+4y— 32=22, (1) 

4a?— 2y+62=rl8, (2) 

Qx+ly— 2=63. (3) 

From equation (3) we obtain 

2=6a:+Yy— 63. (4) 

Substituting this value of z, in (1) and (2), they will be- 
come 

2a?+4y— 3(6a:+7y--63)=22, (6) 

4a?-2y+5(6a?+'7y-63)=18. (6) 
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Equations (5) and (6) become, after expanding, transposuig, 
and tiwif iTig terms, 

16a:+l7y=167, (Y) 

34a?+33y=333. (8) 

Equation (7) gives 

167- I7y ,^. 

This yalue of ^, substituted in (8), gives 

84(167-17^)^33^^333 ^^^^ 

Equation (10), when solved as a simple equation of one un 
known quantity, gives 

y=7. 

Substituting this value of y in (9), we find 

a?=3. 
Using these values of x and y in (4), we obtair 

«=4. 

This method ci eliminating may be comprehended in the fol« 
lowing 

RULR 

Having found the value of (me of the unknown quantiti&f, 
from either of the given equatume, in terms of the other un- 
knoum quantities ; substitute it for that unknoum quantity in 
the remaining equations, and we shall thus ohtain a new system 
of equations one less t» number than those given. Operate with 
these new equations as with the first, and so continue until we 
find one single equation with but one unknoum quantity, which 
will then become known. 
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EXAMPLES. 
( X -W= 50, (1) ^ 

3y-a:=120, (2) 
22-y=:120, (3) 
Sw-z =zl95, (4) J 

From (1) we find 



3. Given . 



I. to find w, a?, y, aiid z. 



w=X'-50, 


(5) 


This value of w, substituted in (4), gives 




3(a;— 50)— 2=195, or 3a;-«=345. 


(6) 


Equation (6) gives 

2=3a;— 346. 


(^) 


This value of 0, substituted in (3), gives 




2(3a;— 345)— y=120, or 6a;— y=810. 


(8) 


Equation (8) gives 




y=6a:— 810. 


(9) 


This value of y, substituted in (2), gives 




3(6a:-810)-a;=120, 
or l'7a:=2550. 


(10) 
(11) 



Therefore, a^^lSO. 

This value of ar, causes (9) to become 

y=90. 
Using the value of x in (7), we find 

2=105. 
Finally, using the value of x in (5), we find 

20=100. ' 

4. Given •< y+^z=a, (2) > to find x, y, and z, 
( 2+iar=a, (3) ) 
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Equatioii (3) gives 



4a— X ... 

«=— 4— W 

This value of z^ substituted in (2), we have 

Qearing of fractions and uniting tenns, (5) becomes 

12y— ar=8a. (6) 

From (6) we find 

a?=12y-8a. (7) 

This value of a;, substituted in (1), gives 

12y— 8a+|=a. (8) 

Equation (8) gives 

26y=18a. (9) 

Therefore, y="7rr"» 

25 

Iliis value of y, substituted in (7), gives 

16a 

^=■25- 

Substituting for x^ in (4), its value just found, we have 

21a 
25 

Hence, collecting values, we have 

We may observe that if a is any multiple of 25, the above 
value of ar, y, and «?, will be integers. 
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Thus calling a=25, we have 

x=ie, y=18, and 2=21. 
If a =50, we shall have 

aj=32, y=36, J^nd «=42. 

THIRD METHOD. 

ELIMINATION BT COMPARISON. 

(72.) There is still another method of ehmination. 
We may also eliminate one of the imknown quantities of two 
equations, by the following process : 

1. Take the two equations, ' 

6y~3ir=-14, (1) 

3y+4a;=38. (2) 

If we, for a moment, consider y as a known quantity, we may 
then, from each of these equations, find the value of x by Rule 
under Art. 63. 

We thus find 

Putdog these two valaes of x equal to each other, we hare 
14+5y 38-3y ,^. 

— 8-=— T- («) 

Clearing (6) of £i*actions, it becomes 

56+20y=114-9y. (6) 
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Transposing and uniting terms, we find 

29y=58 ; 
Therefore, y=2. 

2. As a second example we will take three equations, with 
three unknowns, as follows : 

ir+2y+32=43, (1) 

3a?- y+2z=24, (2) 

6x+3y-4z=14. (3) 

Considering x and y as known quantities, we readily deduce 
from these equations, 

- lil_fzl^ (4) 



Cutting the first value of z equal to each of the other values, 
we have these two equations : 

43— a;— 2y_ 24— 3a;+ y 



3 2 

43— a;— 2y — 14-l-6a? + 3y 



(8) 



Equations (7) and (8), being cleared effractions and properly 
transposed, give 

1x^ '7y=-14, (9) 

19a:+l'7y= 214. (10) 

The rest of the labor of solution is similar to the first example, 
inasmuch as we have two equations and two unknowns, x and y ; 
the z having been eliminated. 
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From (9) and (10) we find 

y= ^— = 2+0:, (11) 

214-100? . ^, 

y=— IT- (^^> 

Equating these values of y, we shall eliminate y, and tliua 
find 

2+x = -^ . (13) 

Clearing of flections, and transposing, we have 

36a:=180; 
Consequently x=z5. 

If we substitute this value of a; in (11) we shall find 

y=z2+x=2+5 = 1. 

Again, substituting the values of both x and y, in (4), we 
shall find 

43— a:— 2y 43 — 5 — 14 ^ 

^= S ' = ^ =8- 

3 3 

The foregoing method of elimination is comprised in the fol- 
lowing 

RULE. 

/. Find from each of the given equations, the value of <me of 
the unknotm quantities, hy Rule under Art, 63, <m the supposi- 
tion that the other quantities are known, 

IL Then equate these different expressions of the value of the 
unknown, thus found^ and we shall thus Itave a number of 
equatUms one less than were first given ; and they mil also 
contain a number ofunknoum quantities one less than at first. 

Ill, Operating with these new equations, as was done with 
the given equations, we can again reduce their number one ; and 
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continuing this process, toe shall finally have hut one equation 
containing hut one unknown quantity^ which will then become 
known, 

EXAMPLES. 

/ ^x+5y+2z= 19, (1) \ 
8. Given } 8x+1y+9z=:l22, (2) >• to find «, y, and e. 
( x+4y+5z=z 66, (3) ) 

By Rnle under Art 63, we find, by using (1), (2), and (3), 
79— 6y— 2« 



Y 



23 
25 



(4) 



122-7y-9z 
*= Q . , vS) 

ar= 65 — 4y— 6^. (6) 

Equating (4) and (6), and (5) and (6), we have 

!^::|^=55-4y-5., (7) 

i^-^=55-4y-5.. (8) 

When cleared of fractions, (7) and (8) become 

79— 6y— 22=385— 28y— 362, 
122-7y-92=440— 32y-402. 

Transposing and uniting terms, we have 

23y+33z=306, (9) 

26y+3l2=:318. (10) 

Equations (9) and (10) give 

306-332 .^,. 

y= — 7R — . (11) 



818-312 ,,„, 

y= on - (12) 
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(13) 



Equating (11) and (12), we have 

306 — 332 318— 3U 



23 25 ' 

which reduced, gives 

2=3. 

This value of 2 substituted in (11), gives 

y=9. 
And these values of z and y, substituted in (6), j^ve 

a:=4. 

( i^+Jy+i«=62, I 

4. Given < J«4-iy+i2=4'7, > to find a?, y, and z. 

These equations, when cleared of fractions, become 

6a;+ 4y+ 32= Y44, (1) 

20a?+15y+122=2820, (2) 

15a;+12y4-102=2280. (3) 

Prom (1), (2), and (3), we find 

744— 6a;— 4y ... 

^= 3 ' ^^> 



2820— 20a;— 15y 

'= 12 ' 

2280— 15a;— 12y 

^= io • 

Equating (4) with (6), and (4) with (6), we have 

744— 6a;-4y _ 2820— 20a;— 15y 

3 "" 12 ' 

Y44--6a;—4y _ 2280— 15a;- 12y 

3 "" 10 

Equations (Y) and (8), when reduced, become 

4a;+ y=156, (9) 

I5a;+4y=600. (10) 



(5) 
(6) 

0) 
(8) 
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Equations (9) and (10) gire 

y=166- 4x, (11) 

600- 16a? ,^^, 

y= ^ . (12) 

Equating (11) and (12), we liave 

156-4.=^^^. (13) 

This reduced, gives 

Having found x, we readily find y and z to be 
y=60; «=120. 

All equations of the first degree, containing any number of 
unknown quantities, can be solved by either of the Rules under 
Articles 69, Yl, and 72, or by a combination of the same. 
^ The student must exercise his own judgment, as to the choice 
of the above Rules. In very many cases, he will discover many 
short processes, which depend upon the particular equations given. 

(73.) We will now solve a few equations, and shall endeavor 
to effect their solution in the simplest manner possible. 

1. Given i ^^+^^=^28, ) ^ ^^^ ^^ ^^^^^ ^^^ ^^ 

|3ar+4y= 88,) 
Adding the two equations, and dividing the sum by 9, we find 

a:+y=24. . (1) 

Multiplying (1) by 3, and subtracting the result from the sec- 
ond of the given equations, we have 

y=16. (2) 

Subtraction (2) from (1), we get 
x=8. 

2. Given < y+z =b, (2) >• to find x, y, and z. 

(»+«=«, (3)) 
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DiTiding the sum of these three equations by 2, we find 

a + 6+c 



«+y+2=- 



W 



From (4) subtracting, successively, (2), (3), and (1), we find 



a+c—h 



y= 



2 ' 
a— c4-^ . 



«=- 



2 ' 



(A) 



Equations (1), (2), and (3), of this last example are so related 
that if in (1) we change xtotf,ytoz, and a to 6, it will corre- 
spond with (2). Again, if in (2) we change y to «, 2 to «, and 
6 to c, it will correspond with (3). Also, if in (3) we change z 
to a;, ^ to y, and c to a, it will give (1), from which we first 
started. In each change we have advanced the letters one place 
lower in the alphabetical scale, observing that when we wish to 
change the last letters of the series, as 2; or c, we must change 
them respectively to x and a, the first of the series. 

Since the above changes can be made with the primitive equa- 
tions (1), (2), (3), without altering the conditions of the question, 
it follows that the same changes can be made in any of the equa- 
tions derived^ from those. Thus, executing those changes in 
equations (A), we find that the first is changed into the second, 
the second into the third, and the third in turn is changed into 
the first. 



8. Given 



- + -=.a, (1) 

- + - =6, (2) y to find X, y, and z. 
y z ' ^ ^ 

1 1 

- + - = 



(3) 
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If we take the sum of these three equations, we shall obtam 



2 2 2 
X y z 



Now, subtracting twice (2) from (4), we have 



X 



(6) 



In a similar manner subtracting twice (3) and (1), succes- 
fiirelj, from (4), we find^ 



y 

z 
Equations (6), (6), and (7), readily ^ve 
2 

_ 2 

2 



(6) 



— d-J-J-^C 



(B) 



The letters in this example will admit of the same changes as 
those pointed out in the last example. Indeed, tiie only differ 
ence between the two examples is, that the unknown quantities 
in the one example are the reciprocals of those in the other. 
Consequently the expressions for ar, y, and 2, as given by equa- 
tions (B), ought to be the reciprocals of those given by equa- 
tions (A), which we find to be really the case. 

tt + a;+2 = l7, (2) 

«+y+2=18, (3) 

La?+y+g=21, (4) J 



4. Given 



to find u^ X, y, and z. 
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Dividing the sum of these four equations by 3, we obtain 

«+ar+y-f2=23. (6) 

From (5), subtracting successively, (4), (3), (2), and (1), we 
find 

tt= 2, 

x= 5, 

2J=10. J 

5. A man left a sum of money which was divided among 4 
children, so that the share of the first was \ the sum of the 
shares of the other three ; the share of the second \ of the sum 
of the other three ; and the share of the third J of the sum of 
the other three ; and it was also found that the share of the first 
exceeded that of the last by $7 (a). What was the share of 
each child ? 

Let u^ Xy y, and z represent respectively their shares. 

Then by the question we have these four conditions : 



»=^f^' 


(1) 


'- 3 ' 


(2) 


u+.+z 


{») 


^ 4 • 


u—a=e. 


(4) 


These equations, cleared of fractions, become 




2u=x+y+z, 

3x=u+i/+z, 

4y—u+x+z, 

u—a=z. 


(5) 
(6) 
(7) 
(8) 


If we add « to (5), x to (6), y to {1), their 


right-hand mem 
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bers will each become u+x+t/+z ; consequently, their left-hand 
members will be equal, and we shall have 

Suz=:5y, f ^ ^ 

Therefore, 

Su Su 



*=T'^=T- 


• 




Which value causes (5) to become 






2«= _ + _+,. 




(10) 


This gives 

13u 
^=20- 




(11) 


Substituting this value of z in (8), we 


)find 


- 

* 


20a 
u=. ^. 






This value of u readily makes known the value of the other 


letters. Collecting the values we have 






20a 


15a 


- 


12a 


13a 

'= 1' 





Now, it is obvious that the least value which can be given to 
a so as to avoid fractions is 7. It is also obvious that a being 
any multiple of Y, the values of u, ar, y, and z, will be integral 

When a =7, we find 

u=20, 
x=15, 

y=i2, 

^=13. 
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And, in all cases, the values are in the ratio of these last 
values. 

From what has been said and done, the student will be able 
to solve the following problems without any serious difficulty. 

6. Given i 3^+2^=118, ) to find x and y. . ^.^ 

\ iP+5y=191, J Ans. i ^=^^- 

I y=35. 

7. A. and B. possess together a fortune of |570. If A.'s 
fortune were 3 times, and B.'s five times as great as each really 
is, then they would have togetlier ^2350. How much had 
each ? Ans. A. |250, B. |320. 

8. Find two numbers of the following properties : When the 
first is multiplied by 2, the other by 5, and both products added 
together, tjie sum is=31 ; on the other hand, if the first be 
multiplied by 7, and the second by 4, and both products added 
together, we shall obtain 68. 

Ans, The first is 8, and the second is 3. 

9. A. owes $1200, B. $2550; but neither has enough to pay 
his debts. Lend me, said A. to B., \ of your fortune, and I 
shall be enabled to pay my debts. B. answered, I can discharge 
my debts if you will lend me \ of yours. "What was the fortune 
of each ? Ans. A.'s fortune is $900, and that of B.'s $2400. 

10. There is a fraction, such, that if 1 be added to the nu- 
merator, its value = J, and if 1 be added to the denominator, its 
value = J. What fi*action is it ? Ans. ^j. 

11. A., B., C, owe together $2190, and neither of them cau 
alone pay this sum ; but when they unite, it can be done in the 
following ways : first, by B.'s putting f of his property to all oi 
A.'s; secondly, by C.'s putting f of his property to all of B.'s; 
or thirdly, by A.'8 adding J of his property to C.'s. How much 
did each possess ? Ans. A. $1530, B. $1540, and $1170 
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12. Three masons, A., B., C, are to build a wall A. and B., 
jointly, could bnild this wall in 12 days; B. and 0. conld ac- 
complish it in 20 days; A. and C. could do it in 15 days. 
What time would each take to do it alone in 9 And in what 
time will they finish it if all three work together? 

- (A. requires 20 days, B. 30, and C. 60 ; 
I all three together require 10 days. 

13. If A. and B., with C. working half time, can build a wall 
in 21 days; B. and C, with D. working half time, in 24 days; 
C. and D., witb A. working half time, in 28 days; D. and A., 
with B. working half time, in 32 days ; in what time would it 
be built by all together, and by each alone ? 

^ All would require 16 days. 
A. " « 52i « 
Ans. ^ B. " « 5lii « 

C. " « 44tV " 

D. " ** 280 " 

14. A dstem containing 210 buckets, may be filled by 2 
pipes. By an experiment, in which the first was open 4, and 
the second 5 hours, 90 buckets of water were obtained. By 
another experiment, when the first was open 7, and the other 3} 
hours, 126 buckets were obtained. How many buckets does 
each pipe discharge in an hour ? And in what time will the 
cistern be full, when the water flows firom both pipes at once ? 

(The first pipe discharges 15, and the 
second, 6 buckets ; it will require 10 
hours for them to fill the cistern. 

15. According to Vitruvius, Hiero's crown weighed 20 lbs., 
and lost 1^ lbs., nearly, in water. Let it be assumed that it con- 
sisted of gold and silver only, and that 20 lbs. of gold lose 1 lb. 
in water, and 10 lbs. of silver, in like manner, lose 1 lb. How 
much gold, and how much silver did this crown contain ? 

Ans, 15 lbs. of gold, and 5 lbs. of silver. 
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16. A person has two large pieces of iron whose weights are 
required* It is known that f of the first piece weighs 96 lbs. 
less than f of the other piece ; and that f of the other piece 
weighs exactly as much as f of the first How much did each 
of these pieces weigh ? 

Ans. The first weighs 720, the second 512 lbs. 

17. Two persons, A. and B., were eating apples. Says A. to 
B., if you give me 2 of yours, I shall have as many as you. If 
you give me 2 of yours, answered B., I shall have twice as many 
as you. How many had each ? Ans. A. had 10, and B. 14. 

18. It is required to find three numbers, such, that i of the 
first, ^ of the second, and i of the third, shall together make 46 ; 
} of the first) \ of the second, and \ of the third, shall together 
make 35 ; and \ of the first^ \ of the second, and \ of the third, 
shall together make 28^. Am. 12, 60, and 80. 

19. A person expends 30 cents in apples and pears, giving a 
cent for four apples, and a cent for five pears. He afterwards 
parts with half his apples, and one-third of his pears, the cost of 
which was thirteen cents. How many did he buy of each ? 

Ans, 12 apples, and 60 pears. 

20. The ages of three men, A., B., and C, are such, that i of 
A.'s, i of B.'s, and J of C.'s make 80 years ; | of A.'8, J of B.'s, 
and i of G.'s make 78 years ; and ^ of A.'s, } of B.'s, and | of 
C.'s make 35 years. Required the age of each. 

fA.'s age was 60 years. 
B.'s age was 80 years. 
C.'s age was 90 years. 

21. A wine merchant has two kinds of wine : the first kind is 
worth $2 per bottle, the.secoud is $1^. He wishes to make a 
mixture of 120 bottles, which shall be worth |1} per bottla 
How many bottles must he take of each kind ? 

40 bottles of first kind. 
80 bottles of second kind. 
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22. The fooiunes of four persons, A^ B^ C^ and D^ are deter- 
mined by the following conditions : A. and B. have together 
$1000 ; C. and D. 11200 ; A-'s fortune is double that of C.'s, 
and D/s three times that of B.'s. How much had each ? 

'A. had $'720. 

B. had $280. 

C. had $360. 
Id. had $840. 

23. A man, who undertook to trani^rt some porcelain vases 
of three diflferent sizes, contracted that he would pay as much 
for each vessel that he broke, as he received for those which he 
delivered safe. 

He had committed to him 2 small vases, 4 of a middle size, 
and 9 large ones : he broke the middle-sized ones, delivered all 
the others safe, and received 28 cents. 

There were afterwards committed to him 1 small vases, 3 of 
the middle size, and 5 of the large ones : this time he broke the 
large ones, delivered the others, and received only 3 cents. 

Lastly, he took charge of 9 small vases, 10 middle-sized ones, 
and 11 large ones ; this time he also, broke the large ones, and 
delivered the others, and received only 4 cents. 

How much was paid for carrying a vase of each kind ? 

fHe received 2 cents for carrying a small one. 
" 3 ." " a middle-sized one. 

4 " « a large one. 

24. Find four numbers, so that the first together with half the 
second, may be 357 ; the second with one-third of the third, may 
be 476 ; the third with one-fourth of the fourth, may be 696 ; 
and the fourth with one-fifth of the first, may be Tl4. 

The first =190. 
The second =334. 



Ans, 



The third =426. 
The fourth =676. 
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(74.) PROBLEMS OBKSBALIZED. 

Problem 10 is susceptible of a beautiful generalization, as fol- 
lows : 

25. ^ There is a fraction, such, that if a be added to the nu* 

merator, its value becomes — , but if a were added to the denom* 

inator its value would be -. What is this fraction ?" 
n 

Let X denote its numerator, and y its denominator. 
Then by the conditions we shall have 
x+a 1 



(1) 
(2) 



y m 
X 1 

These equations readily give 

_ a(m+l) 

y—— -' 

Hence, the fraction is found, by dividing « by y, to be 

X „ ^' a(m+l) 
- = Fractton = \ . ( . 
y m{n+a) 

That this result may agree with Prob. 10, we must take a=l, 
m=3, andn=4. Substituting these values in the above gen^ 
eral result, we find ' Fraction^-^, 

Problem 12 may be generalized as follows : 

26. " Three agents, A., B., C, are employed on a certain wort. 
A- and B. jointiy could do this work in a days ; B. and 0. could 
do it in h days ; C. and A. could do it in c days. What time 



E* 
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would each alone require to do it 9 And in what time will ihej 
finish it if all three work together f 

If ^ y, « denote the number of days it will require for A^ B^ 

C^ respectively, to perform the work, then will -, -, - denote 

the fractional parts performed by each respectively in one day. 
Hence, the fractional part performed by A. and B. jointly is 

- + -. But since they together perform the whole work in a 

days, they will perform in one day the fractional part denoted 

by-. Reasoning in a similar way in reference to B. and 0. 

joinfly, and C. and A- jointiy, we shall have the following con- 
ditions: 

^ Half the sum of these three equations is 

x^y^z-^ 2abe ' ^^^ 

This expresses the fractional part of the work perfoimed by 
all in one day ; consequentiy, the time required for all to do the 
work is the reciprocal of this expression, that is, they will all 
require a number of days denoted by 

-^ — -— — = time for all. 
ao-\-bc+ca 

Subtracting successively (2), (3), and (1) from (4), we find 
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1 aft+ftc— ca 



X 2abe ' 

1 __^bc-{-ca^<d> 
y"" 2abc ' 
1 ^ca+ab^be 
«"" 2abc ' 

The reciprocals of these give 
2abc 



(6) 
(6) 
(7) 




bc+ca^ab 
2abe 



AJb time. 
= B.'s time. 
C.'s time. 



ca+ab^bc 

That these general results may agree with Problem 12, we 

must take a=12, 6=20, and c=16. Using these values, we find 

2abc 
, , , . — = 10, number of days for alL 
ab+bc-^ca ^ 

2abc 

=20, " « « A. 



ab-\'bc^ca 

2abc u u « B^ 

oc+ca— aft 

,^''f^ , =60, " - " C. 

ca+ab^bc 

Before dismissing this Problem, we remark that equations (1), 

(2), (3), of Problem 3, will agree with this, if we change o, 6, c 

into their reciprocals. Then it follows that changing a^byC into 

their reciprocals in the values of x, y, and Zj of Prob. 3, they must 

agree with the values of x, y, and z of this Problem. Let us 

actually make these changes :* 

2 , 2 2abe 

becomes 



c+a-^b 11 1 ab+bc-^ca 

cab 
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2 2ahc 



becomes 



a-^b—e 1 ii:_l hc+ca—ab' 

ab c 

2 , 2 2abc 

Decomes 



b c a 

We will also generalize Problem 13, as follows : 
27. ^ If A. and B^ with C. working half time, can do a piece 
of work in a days ; B. and C, with D. working half time, in b 
days ; C. and D., with A. working half time, in e days ; D. and 
A^ with B. working half time, in d days ; how many would all 
require, and how many for each separately ?^ 

If we denote by w, x, y, and z the number of days respec- 
tively for each alone to perform the work, we may, by a process 
of reasoning similar to that employed in the last Problem, obtain 
the following conditions : 

■111 

(1) 

(2) 
(3) 

Dividing the sum of these four equations by f , we find 

which expresses the fractional part performed by all in one day. 

Consequently, they would together require a number of days 

denoted by 

1 bahcd 

rTTl . 1 . 1 . 1\ "" 2hcd-\-2cda+2dab'\-2abc' 
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1 




1 


y z^2w 


1 


i + i+i- 


1 

=5- 



SIMPLE EQUATIONS. 109 



(6) 



Subtractmg (2) from (1), we have 

J__ 1 1 1_1 

to 2y 22 ~" a b' 

To (6) adding the half of (3), we find 

Dividing by |^, we find 

which denotes the fractional part performed by A. in one day. 
Consequently A. would require a number of days denoted by 
1 5abc 

7~T7l i r\ ~2a6 + 46c— 4ca* 

^'^(a'b-^Tc) 

The other expressions for B., C, and D. may be deduced from 

this by simply permuting the letters, as was explained under 

Problems 2 and 3. Making such permutations, we shall obtain 

babe 



2a6+46c— 4ca 
5bcd 



= A.'s time. 



2bc+4cd'-44b 
5oda 



=s B/s time. 



2cd+4da'^4ac 
5dab 



= C.'s time. 
D/s time. 



2da+4ab-'4bd 

For still further illustrations of this important subject of Oener* 
dliaatum of Problems, see Chapter VIL 
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CHAPTER IV. 

INVOLUTION, EVOLUTION, IRRATIONAL AND 
IMAGINARY QUANTITIES. 



INVOLUTION. 

(75.) Ths process of raising a quantity to any proposed 
power, is called Involution. 

VHien the quantity is a sbgle letter, it may be involved by 
placing the number denoting the power above it a littie to the 
right. (Art ll.> 

After the same manner we may represent the power of any 
quantity, by inclosing it within a parenthesis, and then treating 
it as a single letter. Thus, 

The second power of maz:i{mxy, 
The third power of a + 6 = (a+ b)\ 
The fourth power of 3m+y=(3m+y)\ 

OABE I. 

(76.) To involve a monomial, we obviously have this 

RULE. 

I. Boise the coefficient to the required power, by actual mul- 
tiplication. 

II. Boise the different letters to the required power by mul- 
tiplying ihs ea^ponents, which they already have, by the number 
denottny the power; observing that if no exponent is written, then 

I ts always understood. To this power prefix the power of the 
^oejfficient. 
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Noix— If the qnantily to be inTolyed is negative, the ugnB of the 
even powers most be poeitive^ and the signs of the odd powers nega* 
tive. (Art 28.) 

EXAMPLES. 

1. What is ihe square of Za3^ ? 
Here tlie square of 3 equals 

3'=3X3=9. 
Considering the exponent of a, in the expression asf^ as 1, we 
find a V for the square of a**. 
Therefore we have 

(3aa:»)«=9aV. 

2. What is the fiflh power of — 2a5'? 

Ans. (-2a5»)*=-32a*6>'. 

8. What is the fourth power of —Joy*! 
which by Art 32, is the same as — -g. 



4. What is the seventh power of — a"** ? 

Ans. 



I 7 ^ 



6. Whatisthetlurdpowerofa^y"*? . • , «* 

6. What is the nth power of — 2ar*y* ? 

Ans. db2*ar>»y*»==h?^. 

7. What is the square of — 7ar'y~' ' >4 40 " -«— — 
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■^^' -77r.^tr''=-To^f 



8. What is the third power of —Ja^^r*! 

126 ^ 126y' 

9. What is the seventh power of — m*«r* ? ^ 

10. What is the fourth power of — irr^i/^ ? Ans, |f »-*y". 

11. What is the square of —3a' ? Ans, 9a\ 

12. What is the cube of — 4aV ? s 

13. What is the fifth power of ahh^ ? Ans. a^ftM. 

14. What is the cube of —a""' ? ^tw. — a-'iz: — -.. 

or 

16. What is the fourth power of — a-*^ ? ^ , 1 

a 

o^— f 9ffl"^ 9 

16. What is the square of -^? ^n..^^ = ^^^,. 

17. What is the eleventh power of a~'6<:~" ? ^ 

18. What is the cube of -^? Ans. |^ = 2^. 

4y-* 64^^ 64 

19. What is the cube of dbm'a?^? Ans. dbm«a;f 

20. What is the square of dcah-i ? 1^-^— ^ 

ft* 

21. What is the square of- J a-i? 21 

26a' 

22. What is the fifth power of ^2(^b* ? Ans. -32a«6«. 
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CASE II. 

{*!*!,) To involve a Polynomial. 

At present we will content ourselves by involving compound 
expressions, by actual multiplication, according to Rule under 
Art 21. 

EXAMPLES. 

1. Find the second power of x+y—z» 

x+y—z 
x-\-y—z 

a^+ ary— xz 
+ xy +3^— yz 

— xz — yx-\-^ 

2. Find the fifth power of a+h^BB well as the lower powen 
of the same. 

(a+6)''=a'+2ai+6*. 
a +6 

a^+2a'6+a6^ 

a'6+2a6'+6' 

a+6 



a^64- 3a'6^ + 3a&'+&^ 

g 4-6 

a*+4a*6+ 6a36»+ 4a''6»+ a6* 

a^6-f 4a^6'+ 6a^6»+4a6^+6^ 
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3. Eind tbe fifth power of a— 5. 
a— 6 



a'— aft 

(a-^by^za^-iab+b^ 
a —6 






a —6 



a*-3a'6+3a*6«-. aft' 
-- a'6 + 3a^6'-3a6'+y 

a —6 



4. What is the cube of a— a; ? Ans, a'— 3a*a:+3a«*— «* 

6. What is the square of wi + n—x ? 

Ans. m'+2m»— 2maj+»*— 2na?+«' 

6. What is the fourth power of 3af— 2y ? 

Ans. 81aJ*-216«'y+216aJ»y«— 96a;y'+16y. 

7. What is the square of a+b ? J[n«. a'+2a6+6*. 

8. What is the square of a + b+c ? 

Ans. a*+2ab+2ac+b^+2bc+<^. 

9. What the square of a^+x ? Ans. a^ + 2a^+«'. 

10. What is the square of aj*+aj+l ? 

Ans. a^+2si?+So^+2x+l. 

11. What is the square of a^-^b^ ? Ans. a+2ah^+h. 

12. What is the square of ^a— J6 ? Ans. Ja'—^ft+^ft". 
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13. What is the cube of a?— y ? Ans. «»— 3«»y+3ay— y*. 

14. What is the 4th power of a—oT^i 

Ans. o*— 4a«+6-4a-*+a-*. 

15. What is the square of a'^-^cfl ? Ans. a"*— 2 +a. 

16. What is the square of a^±.ar^ ? Ans. ^•=b2+a-^. 

17. What is the cube of a^— a"*? , , 

Am. a— 3a*+3a""5'— a-*. 



EVOLUTION. 

(78.) Evolution is the extracting of roots, or the reverse pro- 
cess of Involution. 

When the quantity whose root is to be found is a single letter, 
the operation is denoted by giving it a fractional exponent, the 
denominator of which denotes the degree of the root 

And in the same manner we may denote the extraction of a 
root of any quantity or expression, by inclosing it in a parenthe- 
sis, and then treating it as a smgle letter. Thus, 

The second root of wiy=(my)* 
The third root of «+y=(a?+y) , 
The fourth root of 2a?— 8y=(2a?— 3y)*, 
The »th root of a— 6=(a— 6)n, 

CASE I. 

(79.) To extract a root of a monomial, we obviously have 
the following 
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RULE. 



/. Extract the required root of the coefficient by the usual 
arithmetical rule. (See Arithmetic.) When the root cannot be 
accurately obtained, it may be denoted by means of a fractional 
exponent, the same as in the case of a letter. 

II. Extract the required root of the different letters, by mul- 
tiplying the exponents which they already have by the fro/ctumal 
exponent denoting the required root. To this root prefix the root 
of the coefficient. 

Note. — Since the even powers of all quantities, whether positive or 
negative, are positive, it follows that an wen root of a negative quan- 
tity is impomble, and an oven root of a positive quantity is either posi- 
tive or negative. We also infer that an odd root of any quantity has 
the same sign as the quantity itself. 

EXAMPLES. 

1. What is the square root of 64a'6V ? 

In this example, the square root of the coefficient^ 64, is =b8, 
which is read, +8, or —8. 
And, 1 

Therefore, (C4a«6V)i= rbSa&V. 

2. What is the cube root of 64aV ? Ans. 4aa^. 

3. What is the fifth root of — 32iry' ? Ans. — 2a;«y«. 

4. What is the seventh root of — aa?~' ? i 

Ans. '—a^x'-^=: —-2. 
x"^ 

5. What is the square root of — 4a^6' ? Ans. Impossible, 

6. What is the cube root of 27a'6" t Ans. Bab*. 
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.7. What is the fourth root of lear'bx"^ ? , 

8 11 26* 



8. What is the cube root of — 8a-^6'*? Ans. — 2a"*6^ 

9. What is the cube root of 27a6V ? Ans. Sa^bic. 

10. What is the fourth root of 64a*6-* I 

Ans. ±4a6'"'* = ±— . 

11. What is the square root of — 4a'6^ ? Ans. Impossible. 
.12. What is the square root of 9aj*y ? Ans. =t3a:y* 

13. What is the 5th root of a'^ftar^r* ? Ans. a^bK^y^. 

14. What is the 6th root of 64a«6a^ ? Ans. ±:2ab^x^. 

15. What is the 6th root of — a^ ? Ans. Impossible. 

(80.) By comparing the operations of this rule with those of 
the rule under Art 76, we see that involution and evolution of 
monomials may both be performed by this general 

RULE. 

Multiply the exponents of the respective letters by the exponevU 
denoting the power or root. 

EXAMPLES. 

1. What is the cube root of the second power of 8a'6' ? 
If we first raise 8o'&' to the second power, it will become 

(8a>67=64a«6«. 
Extracting the third root, we find 

(64aW«)i=4aW, 
far the result required. 
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Again, first extracting the cube root of 8a^b\ it becomes • 
(8aW)^=2a6». 

Raising this to the second power, it becomes 

(2a6')«=4a«6», 
the same as before. 

(81.) Hence the cube root of the square of a quantity is the 
same as the square of the cube root of the same quantity. 

And, 4n general, the nth root of the mth power of a quantity is 
the same as the mth power of the nth root of the same qiuintity. 

Therefore, a^ may be read, the fourth power of the fifth root 
of a, or the fifth root of the fourth power of a. 

And in the same way, (a+b)^ is read, the third power <rf the 
square root of the sum of a and 6, or the square root of the third 
power of the sum of a and b. 

Surd quantities may be made to assume several equivalent 
forms, which require to be read differently. As an example, the 

surd a"** may be written six different ways, as follows : 
1. ((a')^)"; 2. ((J)')"; 3. ((a-)^)'; 

4. ((a*)~')'; 5. ((a-)')^ 6. ((a')"')'. 

These six expressions are read as follows : 

1. The reciprocal of the fifth root of the third power of a. 

2. The reciprocal of the third power of the fifth root of a. 
8. The third power of the fifth root of the reciprocal of a. 

4. The third power of the reciprocal of the fifth root of a. 

5. The fifth root of the third power of the reciprocal of a. 

6. The fifth root of the reciprocal of the third powOT of a, , 
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Since an algebraic expression is simplj an indication of ceiv 
tain operations to be performed, it follows that they should be 
read in a reverse order of the successive operations if actually 
performed ; that is, the first operation to be performed must be 
the last read, and the second operation required to be performed 
must be read next to the last, and so on in a reverse order. Thus, 
in our 6th expression, we are first to cube a, then reciprocate it, 
and then to take the fifth root Now it is read in the reverse 
order. 

The student will find great assistance in reading complex al- 
gebraic expressions by paying attention to this principle. As a 
still further elucidation of this subject, we will give the reading 
of the following examples : 

1. VYi^). 2. i(^/a+^/6). 

1. The square root, of one-half, of the sum, of a and b. 

2. One-hal^ of the sum, of the square roots, of a and b, 

3. One-fifth, of the fourth power, of one-eighth, of the cube 
root, of the square root, of three times a. 

4. One-half, of the fourth power, of the cube root, of three 
times the reciprocal of a. 

2. What is the value of (— SaS'aj')^ ? Am. 3^aMaj*. 

3. What is the value of (Aa-^b^x)^ ? Ans. dz32a-'^b^x^. 
4* What is the value of (9a'6^)^ ? Ans. dz2U^b\ 

5. What is the value of (Sa^x)^ ? Ans. 4a^x^. 

6. What is the value of (64a?6V^)^ ? Ans. =fc612a^6V». 

7. What is the value of (64a«6V)^ ? Ans. 16a*6V. 
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8. What is the value of (8a6)""^ ? ^^ 4-1^-lj-f __L- 

9. "What is the value of (16a«6»»)^ ? Ans. ±64a"6**. 
10. What is the value of (8aW)* ? ^iw. 4aV. 



CASE II. 

(82.) To extract any root of a polynomial, we have the fol- 
lowing general 

RULE. 

/. Having arranged the polynomial according to the powers 
of some one of the letters^ so that the highest power shall stand 
firsts extract the required root of the first term, which will he 
the first term of the root sought, 

IL Subtract the power of this first term of the root from the 
polynomial, and divide the first term of the remainder by the 
first term of the root involved to the next inferior power^ and 
multiplied by the number denoting the root; the quotient will be 
the second term of the root. 

IIL Subtract the power of the terms already found Jrom the 
polynomial ; and using the same divisor^ proceed as before. 

This rule obviously verifies itself since, whenever a new term 
is added to the root, the whole is raised to the given power, and 
the result is subtracted from the given polynomial. And when 
we thus find a power equal to the given polynomial, it is evident 
that the true root has been found. 

1. What is the fifth root of 

a»-f6a^6+10a»ft*+10aV+6a6*+y f 
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OPEBATEON. BOOT. 

a»+5a^6+10aV+10a«6»+5a6*+6*(a+6. 
a' 



No remainder. 

EXPLANATIOK. 

We first found the fifth root of the first term a*, to be a, which 
we placed to the right of the polynomial for the first term of the 
root. Raising a to the fifili power and subtracting it from the 
polynomial, we have ba^h for the first term of the remainder. 

Since the number denoting the root is 5, we raise the first 
term of the root, a, to the fourth power, which thus becomes a*; 
this multiplied by 5, the number denoting the root, gives 5a^ for 
our divisor. 

Now, dividing ba^b by ba\ we get 6, which we write for th^ 
second term of the root 

Involving this root a +6 to the fifUi power by actual multipli- 
cation, as was done in Ex. 2, Art 77, we have 

which subtracted from the given polynomial leaves no remainder, 
so that we know that a +5 is the true root 

2. What is the square root of 4a^— 16aj'+24a^— 16ir+4? 

OPBBATIOlf. BOOT. 

4a^-16a:"+24a:»— 16a;+4(2a^— 4a?+2. 
(2a:»)*=4^| 

At?) — 16aj» 
(2a!"- 4a;)*=4^*— 16^+16^ 

4aj*) 8«" 

(2a^— 4a?+2)'« =4a^— 16a:'+24a;'— 16a?+4 
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3. Wliat is the square root of 

16a^+24aJ» + 89«" + 60«+100 ? 

Ans, 4«"+3a?+10. 

4. What is the cube root of 

a«+3a*-3a^— lla«+6a'+12a-8 ? 

Arts, a'+a— 2. 

5. What is the sixth root of 

a?-6a«6+16a^6»— 20a»6»+16aV— 6a6»+6" ? 

Ans. a'—b. 

6. What is the fourth root of 

a*^4a*b + 6a*b^—4ab^+b^^ Ans. a^b. 

7. What is the seventh root of 
m^+7m^«+21mV+36mV + 35mV+21wiV+7m»*+nM 

Ans. m+n. 

(83.) If we carefully observe the law by which a polynomial 
is raised to the second power, we shall, by reversing the process, 
be enabled to deduce a rule for the extraction of the sqtiare root 
of a polynomial, which will be more simple than the above gen- 
eral rule, and of more interest, since the arithmetical rule is de- 
duced from it 
By actual multiplication, we find 
{a+by=a*+2ab+b\ 
{a+b-\-cy=a^+2ab+b^+2(a+b)c+(^, 
(a+b+c+d)' 

=a« + 2a6+6»+2(a + 6)c+c'+2(a+6+c)i+<^, 
(a+b+c+d-^-ey 

__ j a«+2a6+6'+2(a+6)c+c' j 

"= ( +2{a+b-\-c)d+d'+2{a+b+c+d)e+(^. J 
&c. (fee 

From the above we discover, that 

(84.) The square of any polynomial ie equal to the square of 
the first term, plus twice the first term into the second, plus the 
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square of the second ; plus tufice the sum of the first two into the 
third, plus the square of the third; plus twice the sum of the 
first three into thefourth^ plus the square of the fourth ; and 
so on, 

(85.) Hence, the square root of a polynomial can be found by 
the following 

EULE. 

/. After arranging the polynomial according to the powers of 
some one of the letters, take the root of the first term for the 
first term of the required root, and subtract its square from the 
polynomial, 

II, Bring dovm the next two terms for a dividend. Divide 
it by tvnce the root just found, and add the quotient both to the 
root and to the divisor. Multiply the divisor thus increa^, 
into the term last placed in the root, and subtract the product 
from the dividend, 

III, Bring down two or three additional terms, and proceed 
as before, 

EXAMPLES. 

1. What is the square root of 

a*+2a6+6»+2(a+6)c + c' + 2(a + 6+c)(f+^? 

OPERATION. BOOT. 

a*+2ab+l^+2{a+b)c+(^+2(a+b-{'c)d+d^[a+b+c+d. 
a' 

2ab+V 
2a6+6« 



2{a+b)+c 2{a+b)c+<^ 

2(a+6)c+c' 



2(a+6+c)+(i 2{a+b+e)d+dF 

2{a+ b-hc^+iP 
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2. Wluit is the square root of 

OPERATION. BOOT, 

4^ 

12a;«+9a?* 



-4aJ*-6a:'+ aj* 



4a^+6aj*-2a:+l 4ic34-6a:*— 2a:+l 

4g»+6a^— 2a;+l 

Since the square of a minus quantity is the same as the square 
of the same quantity with the plus sign, it follows that the square 
root of any quantity, or of a polynomial, as well as of a mono- 
mial, is either plus or minus ; that is, the root is affected with the 
double sign db. The same is true of any even root. 

Thua^ if we change all the signs of the terms of the root just 
found, we shall have — 23;*— 8a^+a:— 1. If this is squared, we 
shall find that it will produce the primitive polynomial, whose 
root we have just extracted. 
S. What is the square root of 

a:'-2a:'y*— 2a:* + y*+2y*+l ? 

Ans. ±(aj*-y"— 1). 

4. What is the square root of 

9«^y*— 30a;'y«+25«"y«? 

Ans. ±(3a:*y*— 6«y). 

5. What is the square root of 

a»+2a6— 2ac+6»— 2ftc+c' ? 

Ans, =t(a+&— c). 

6. What is the square root of 

4m»— 36m»4-81«'? Ans. ±(2«i— 9n). 
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Y. What is the square root of 

Ans. ±{a^+3i*+l) 

8. What is the square root of 

Ans. dz{a^+a!*+x+l) 

9. What is the square root of 

Ans. =t(2«-8a;^+l). 

10. What is the square root of 

Ans. ±(3af-2«^+«^— !)• 

11. What is the square root of 

«*— 3aj" + 3ia^— lia;+i? 

Ans. ±(««-lia;+i). 

12. What is the square root of 

Ans. ±(|a«-§a6-f5»). 



IRRATIONAL OR SURD QUANTITIES. 

(86.) An Irrational Quanxitt, or Sdrd, is a quantity af 
fected with a fractional exponent or radical, without which r 
cannot be accurately expressed. Thus, 

\/3 is a surd, since the squaire root of 3 cannot be accurately 

found ; also 8* 4*, V/4, V5, <fec., are surd quantities. 
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BJEDUOnON 07 SUBDS. 
0A8E L 

(87.) To reduce a rational quantity to the fonn of a surd, we 
have this 

EULE. 

Baise the quantity to a power denoted by the root of the re- 
quired surd ; then the corresponding root of this power, ex- 
pressed by means of a radical sign or fraetumal exponent, mil 
express the quantity under the proposed form. 

EXAMPLES. 

1. Reduce 5a to the form of the cube root 
Raising 5a to the third power, we hare 

(6a)'=125a»; 

•*rtracting the cube root, it becomes 

6a=Vl26a»=(125a'')i 

2. Reduce —r to the form of the fifth root 



Va 

3. Reduce to the form of the fourth root 

Va /a*\i 
Ans, 

y 

a* 

4. Reduce -rr- to the form of the nth root , / s.. 1 

Ans, 

5. Reduce -^ to the form of the third root . 

** Ans. (K)' 
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6. Reduce to the form of the square root 

OASB II. 

88. To reduce surds expressbg different roots to equivalent 
ones expressing the same root. 

RULE. 
Beduce the different indiiceg or exponents to common denomi- 
nators ; raise each quantity to a power denoted by the numera- 
tor of its respective index or exponent; and then take the root 
denoted by the common denominator. 

EXAMPLES. 

1. Reduce V3, V4, and V^, to surds expressing the same 
root 

Changing the radicals into fractional exponents, they become 
h i) 4 ) which reduced to a common denominator, are -^^^ ^, ^. 
Now, raising the quantities, 3, 4, and 5, to the powers denoted 
respectively by 6, 4, and 3, we find 3*, 4*, 6', or which is the 
same, 729, 256, 125. Taking the 12th root of these results, 
they become 

(729)T^, (256)t\ (125)A 

2. Reduce (fl and sfi to surds expressing the same root 

3. Reduce s^, y^, m^, to surds ezpresdng the same root. 
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4. Reduce V/2, VS, V^) to surds expressing the same root 
*>, Seduce a* 6^, c^, to surds exjM'essing the same root 



Ans, - 



6. Reduce (2ir)*, (3y)* to the form of the sixth root 

Ans. 






CASB m. 
(89.) To reduce surds to their simplest form. Whenever a 
surd can be separated into two factors, one of which is a perfect 
power, it can be simplified by this 

RULE. 
Having separated the surd into two factor s^ one of which is a 
perfect power ^ take the root of thefojctor which is a perfect power, 
and multiply it by the surd of the other factor. 

EXAMPLES. 

1. Reduce v^288 to its simplest form. 

We can separate 288 into the factors 144x2, of which 144 
is a perfect square, whose root is 12 ; therefore 

-^^288= V^144 X 2= v^l44 X \/2 = 12 %/2. 

2. Reduce v^ic'y— oV to its simplest form. 

Ans. Vic»y-aV=Va^(y-a*)=a?VyZ7; 
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8. Reduce V— 32a*6 to its simplest form. 

Ana. V— 32a*&=:— 2aVft. 
4. Reduce {a^y^sfy to its simplest form. 

Am. {a*tr'si^)^=cux^tr^^% 

i ^ 

6. Reduce {rn^ns^j^Y to its simplest fonn. 

Ans. fMi?y{nxyy* 

(90.) When a surd is in the form of a fraction, it may be 
aimpMed by the following 

RULE. 
Multiply both numerator and denominator by such a quantity 
28 will render the defiominator a perfect potoer. 

EXAMPLES. 

1. Reduce i/— to its simplest form. 

Multiplying both numerator and denominator by 11, we have 

r 11 ^ 121 ^ 121 11^ 

2. Reduce y -j- to its simplest form. 

3. Reduce j j to its simplest form. 

' \xt/ / xy^ "^ ' 
— ^ — I to its simplest form. 
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ADDinON AND SUBTRACTION OF 8UBI>S. 
RULE. 

(91.) Reduce the surde to their simplest form; then, if the 
surd part is the same in both, add or subtract the rational parts, 
and annex the common surd part to the result ; but when the 
surd parts are different, they can only be added or subtracted 
by the aid of ihe signs + or — . 

EXAMPLES. 

1. What is the sum of \/64 and \/24 ? Also, what is the 
difference of the same surds ? 

By reduction we have 

^54=\/9x6=3x/6. 
%/24=\/4x6=2^6. 



Therefore, ^/64+^/24 =6^/6. 

And, ^64- -•24 = %/6. 

2. What is the sum and difference of \/a^b and \/ah^ f 

. ( The sum ={a+b)\/ab. 
'(Thediff =(a-6)Va*. 

8. What is the sum of {36««y)^ and (26y)^ ? 

Am. {Qx+5)y/y. 

4. What is the sum of (8a?)^, (V)^* and (27a^)^ f 

Ans. (2 + 3«+y')V«. 

6. What is the sum of (aftV)^ and (my •)^ ? 

Ans. »{ab*x)^ +y^{my 

6. What is the sum of (16«)^ and (Oa:)^ * i i i 

Ans. 44:^4-3aJ^=7a?^. 

7. What is the value of (27ar)*— (8a;)* ? l. i i 

Ans. 8a?*— 2a:»«=a?*. 
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MULTIPLICATION AND DIVISION OF SUIOMS. 



EULR 

(92.) Reduce the surds to equivalent ones expressing the same 
root^Caae IL, Art 88), then multiply or divide as required, 

EXAMPLES. 

1. What is the product of VS by Vl6 ? 

By Case H, we find ■» , 

^8=(8')*=(612)* 

Vl6 = (16«)^=(256)*. 

Therefore, ^8 X Vl6=(512 X 256)^=:4V82. 

2. Divide 4V32 by V/16. 

4V82=2«xV2*=2*X2*=2V. 

Vl6=V2*=2^=2i 

V8 9 S 

- -r2^=2T=2^=^n«. v^8. 

8. What is the product of 4 Va& by 3\/6y ? 

Ans, 12V56y. 

4. Divide ^4?P by V2a5«. ^w. a(16a6^^. 

5. IKvide \/a*ay by V^. ^4,1,, V3^, 

6. Divide (a*)^ by (06) A. .4iw. (a6)A, 

7. Multiply (a+6)* by (a^+y)!^. 



'jns. [{a+byx{x+y)J^. 
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TO Fnn> MULTIFUBBS WHICH WILL OAtSE SUBDS TO 
BECOME RATIONAL. 

CASE I. 

(93.) When the surd consists of but one term, we can pro- 
ceed as follows : 

1 ^zl 

Suppose the given surd is a;"* ; if we multiply this by a; * , by 

rule under Art 92, we shall have a;"* X a: * =a;, a rational quantity. 
Hence, to cause a surd to become rational by multiplication, 
we have this 

RULE. 

Multiply the mrd by the same quantity, having such an expo- 
nent as, when added to the exponent of the given surd, shall make 
a unit, 

EXAMPLES. 

1. How can the surd a;^ be made rational by multipHcation ? 
In this example, | added to the exponent ^, gives 1 ; therefore 

we must multiply by x^. Performing the operation, we have 

x^Xx^=x. 

2. Multiply x^ so that it shall become rational. 

Ans. x^xx^=x. 

3. Multiply sT"^ so that it shall become rational. 

Ans. x~"^x»^=X' 

4. What feictor will make a*6* rational ? Ans. a^b^, 
6. What factor will make a;*y* rational ? Ans. x^y^. 
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CASB n. 

(94.) When the surd consists of two terms, or is a binomial 
surd. 

Suppose it is required to multiply \/a+ \/6 so as to produce 
a rational product ; we find that 

Hence, to cause a binomial surd to become rational by multi* 
plication, we have this 

RULE. 

Change the signs which connect the two terms of the binomial 
surd, from + to — , or from — to +) «w£ this result, multt- 
plied hy the binomial surd, will give a rational product, 

EXAMPLES. 

1. Multiply \/ 3— \/ 2 so as to obtain a rational product 

Ans, (v/3-^2)x(\/3+^2)=3-2acl. 

2. Multiply 4+ \^5 so that the result shall be rational. 

Am. (4+%/6)x(4-"^5)=:ll. 

3. How can y/a+b^'>^a—b be made rational by mulii 
plication I 

Ans, (v'^+6— -/^ZI) x(v^aT6+ ^a^)=26. 

4. How can- \/7— 1 become rational by multiplication 9 

Ans. (v/7-l)x(v/7+l)=6. 
(95.) 1£ the surd consists of three or more terms of the square 
root, connected by the signs plus and minus, it will require two 
or more successiye multiplications. 

EXAMPLES. 

1. K it is required to make V^—V^+y/^ rational by mul- 
tiplicaticm, we should first multiply by \/6 + v^3+\/2, by 
which means we obtain 
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V5+ VZ+ V2 



+ ^16+ %/10 —'•6 + 2 



6 +2%/10— 3 +2=2\/10+4. 

=2x(\/10+2). 

The irrational factor, y/lQ+2, of this expression will become 
rational if we multiply it by \/10— 2. Hence, multiplying 
2\/10+4 by \/10— 2, we have 12 for the rational product 

Since our original polynomial v'6— \^3 + v'2 was first mul- 
tiplied by y/5+ y/S+ y/2y and the result afterwards multiplied 
by \/10— 2, it follows that the product of VB+VS+ y/2 and 
\/10— 2 will give one single &ctor or multiplier, which would 
make \/ 5— \/d + \/2 rational Actually taking the product of 
V5+y/S+y/2 and \/10— 2, we hare 

V 5+y/ Z+V 2 
v/10- 2 

\/50+^30+\/20— 2\/6— 2v'3— 2%/2. 
Since \/50=:5\/2, and \/20=2v^5, the above becomes, 
>/30-"2 \/3+3 \/2. This result being used as a multipUer will 
at once make \/5— '•3+\/2 rational Actually multiplying, 
we have, 

^6« y/ Z+ V 2 
\/30-2^ 3 + 8^ 2 

%/160— ^90+ ^60 

-2\/16+6-2^6 

+6-3^6 + 3v^lO 

%/160— ^90+^60— 2^16 + 12— 6v'6+3%/10 
Ob8ervingthat\/l60=6v/6; ^90=3 %/10; %/60=2\/15, 
we see that the above product is reduced to the rational part 12. 
2. Multiply 2+ y/S— V2 so that it shall become rational 
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TIBST OPEBATION. 

2+ ^3— ^/2 
2+ v'3+ V2 



4 + 2v/3— 2%/2+3— >/6 
+2%/3 + 2\/2 +v/6— 2 

4+4v/3 +3 — 2=4v'3+6. 

BEOOND OPEBATION. 

4^3+5 
4%/3— 5 

48 +20v/3 

— 20v'3 — 26 

48 —25=23. 

3. Multiply ^5+v/2--v^3+l sothat its product Bhallbe 
rational. 

7IB8T OFEBAHON. 

^5+ v/2— ^3+ 1 
^6- v/2+ ^3+ 1 



6+^10-^16+ v^6+ v^6— >/2+^3 
-2-^10+%/l5+ \/6+ ^6+^2- \/3 
-3 

1 

1 +2>/5+2^6. 

BEOOND OFEBATION. 

l+2v/6+2\/6 
l-2^6+2x/6 

l+2v'5+,2\/6— 4\/30 
— 20— 2\/6+2v/6+4\/30 
24 

6 +4^6. 
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THIBD OPXBATION. 

06 +20%/6 

— 20v^6-26 

96 —26=71. 

(96.) To reduce fractions having polynomial surds for a no- 
merator, or denominator, or both, so that either the numerator 
or denominator may be free from radicals. 
Suppose we wish to transform the fraction 
1 
V3+%/2 + l 
into an equivalent fraction having a rational denominator. 

It is evident that this transformation can be effected, provided 
we multiply both numerator and denominator by such a quan* 
tity as will cause the denominator to become free of radicals, so 
that the operation is reduced to the finding of a multiplier which 
will make 

VS+V2 + 1 rational. 

We will first multiply by — %/3+\^2+l. 

OPEBATION. 
^3+%/2 + l 

-"x/8+v/2+l 



_ 3-v^6-%/3+ V2 

+ 1 



2V2. 



Hence, if we multiply both the numerator and denominator ol 
1 1+^/2— -v/S 
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Ag^n, multiplying both numerator and denominator of 

— ^- by V 2, we finally have j • 

The denominator is now rational. 

(97.) Hence, to transform a fraction, having surds in its nu« 
merator or denominator, or both, into an equivalent fraction, in 
which the numerator or denominator may be free of surds, we 
have this 

RULE. 

MvXtiply the numerator and denominator by such a quantity 
as wUl cause the numerator or denominator, as the required ease 
may he, to become rational. 



EXAMPLES. 

1. Reduce — - — to a fraction having a rational numerator. 

Multiplying both numerator and denominator by 6— x/S, 
we have 

5+v'3 _ (5+v'3) (5~v/3) _ 22 
4 - 4(5-. ^3) - 20-4x^3 

2. Reduce to an equivalent fraction having a ra- 
tional denominator. ^ \/14— \/10— y/1 + y/5 

Ans. . 

3. Reduce /94,i ^ *^ equivalent fraction having a 

rational denominator. ^ 2 — \/ 2 + \/ 6 

Ans, : . 



4. Reduce ,, ■ — 7-, first to a fraction having a rational de* 
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nominator, and then to a fraction having a rational nomer* 
ator. r y^a+Vx Vab—y/ax+y/bx-^x 



Am, 



y/h+ ^x h—x 

\/o+ y/x _ a—x 

y/b+ y/x ~ \/a6H- Vox— '^hx—x 



IMAGINAEY QUAOTTriES. 

(98.) We have akeady shown, that (see Note to the Rule 
under Art 76) an even root of a negative quantity is impossible. 
Such expressions are called imaginary. 



^~c 




are each imaginary quantities. 



Surd quantities, though their values cannot be accurately 
found, can, nevertheless, be approximately obtained; but ima- 
gmary quantities cannot have their values expressed by any 
means, either accurately or approximately. They must, there- 
fore, be regarded merely as symbolical expressions, 

(99.) We will confine ourselves to the imaginary expressions 
arising from taking the square root of a negative quantity. 
The general form of imaginaries of this kind, is 

Replacing the surd quantity \/a, by 5, we have 
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So that all imaginarj quantities arising from extracting ihe 
square root of a minus quantity are of the form 

Where 6 is a real quantity, either rational or a surd. 
(100.) If we put V— l=c, we shall always have 

And in general, 

(^=+1 

c*-+'= + -v/-l 

m being any positive integer whatever. 

(101.) From which we easily deduce the following principles: 

1. (+^/Z:a)x(+^^^=- -•«•=-«. 

2. (-\/i:^)x(-\/^=-'/a'=-o. 

3. (+\/^X(-V^^= + \^a'=+o. 

4. (+v'3^)x(+\^^=-^a6. 

5. (_-/Z:;S)x(-'/36)=-^a6. 

6. (+x/i:^)x(-x/^= + ^a5. 

The above is in accordance with the usual rules for the multi' 
plication of algebraic quantities, and must be considered as a 
definition of this symbol, and of the method of using it, and not 
as a denumstration of its properties. 

(102.) The student must not infer from what has been said, 
that imagmary quantities are useless. So fiur from being useless. 
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they have lent their aid in the solution of questions which re- 
quired the most refined and delicate analysis. 

(103.) Before closing this chapter, toe will show the interpret 
' tation of the following symbols : 

A' 0' 0* 

We know from the nature of multiplication, that multiplied 
by a finite quantity, that is, repeated a finite number of times, 
must still remain equal to ; hence, we have this condition, 

0X^=0. (1) 

Dividing both members of (1) by A, we find 


Therefore the symbol -j-, will always be equal to 0, as long 

as ^ is a finite quantity 

(104.) Since the quotient arising from dividing one quantity 
by another, becomes greater in proportion as the divisor is di- 
minished, it follows that when the divisor becomes less than any 
assignable quantity, then the quotient will exceed any assignable 

A 
quantity. Hence, it is usual for mathematicians to say, that — 

is the representation of an infinite quantity. The symbol em- 
ployed to represent infinity is oo, so that we have 

A (3) 

(105.) Dividing both members of (1) by 0, we find 

^=5 ■ W 
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. 

This being true for all values of A, shows that -- is the symbol 

of an indeterminate quarUity, 
To illustrate this last symbol, we will take several 



EXAMPLES. 

«»— a* 
1. What is the value of the fraction -; -, when arrra ! 

Substituting a for a?, our fraction will become 

■ = --= an tnaetermtnate quantity. 



bx—ab 

If, before substituting a for x, we divide both numerator and 
denominator of the ^ven fraction by aj—a (Art 42), we find 

a^'—a* x+a 

bx-'ob ~" 6 ' • 

Now, substituting a for a;, in this reduced form, we find 

x-\-a a+a 2a 

Therefore, -7- is the true value of ^ =-» when xzno. 

b bx^ab 

2. What is the value of -= — - — : — 5, when x:=za I 
ar— 2aa;+a* 

Substituting a for x, we find 

a^^ax a"— a* 

a^—iax+a? "" a*— 2a*+a' "" O' 

If we reduce this fraction by dividing both numorator and de- 
nominator by x-^a, we find 

a^—ax X 

«*— 2aaj+a' x-^a' 
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Now, vritmg a for x in this reduced form, we find 

-^ = -^==^=00. (Art. 104.) 
x—a a— a ^ ' 

« TOT- X • xi. 1 -a^— 3air*+3a'«— a' , , 

3. What IS the value of z ; , when a?=a ! 

OX'- ah 

When a is substituted for a;, we have 

a^— Sqg'+Sa'a?— a' _ a'--3a* + 3g*— g' 
hx—ab ~" ah—ah ~"0' 

Reducing, by dividing numerator and denominator by a;— a, we 

find 

g'— 3ag'+3a*a?— g'g*— 2fla;4-g' 
hx'-ab "" h 

Writing a for x, we have 

(106.) From the above, we conclude that whenever an alge- 
braic fraction is reduced to the form - there exists a &ctor com- 
mon to both numerator and denominator. 

If we reduce the firaction, by dividing both numerator and 

denominator by this common factor, it will become of one of thir 

following forms : 

A 

-= z=z a finite quantity, 

JS 

i-r-^O^ no value. , 

A 

-.■•■■• A 

— = 00 =an infinite quantity. 
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CHAPTER V. 
QUADRATIC EQUATIONS. 

(107.) We have already (Art 63) defined a quadratic equa- 
tion to be, an equation in wfaicli the unknown quantity does not 
exceed the second degree. 

The most general form of a quadratic equation of one un- 
known quantity is 

ar*-|-5af=c. (1) 

Dividing each of the terms of (1) by a (Axiom IV.), we find 

h c 

where, if we assume ^= -, and j&= -, we shall have 
a a 

a^+Ax=B. (3) 

Equation (3) is as general a form for quadratics as equation (1). 
In (3), A and B can have any values either positive or nega- 
tive. 

(108.) When -4=0, equation (3) will become 

0^=^, (4) 

which is called an incomplete quadratic eqtuitionj since one of 
the terms in the general forms (1) and (3) is wanting. 
(109.) When ^=0, equation (3) will become 
«'+-Aa;=0, 
which divided by x is reduced to 

which is no longer a quadratic equation, but a simple equation. 
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(110.) If ^=0 and B=0 at the same time, equation (3) 
will become 

-which can only be satisfied by taking «=0. 

INCOMFLBTE QUADRATIO BQUATIONS. 

(111.) We have just seen that the general form of an incom* 
plete quadratic equation is 

^=B. (1) 

If we extract the square root of both members of this equation, 
we shall (Art. 79) have 

Zzzzzhy/B. (a) 

Equation (a) may be regarded as a general solution of incom- 
plete quadratic equations. 

(112.) To find the value of the unknown, when the equation 
which involves it leads to an incomplete quadratic equation, we 
have this 

RULR 

/. Clear the equation of fractions hy the same rule as for 
simple equations. 

IL Then transpose and unite the like terms, if necessary^ ob- 
serving the rule under Art. 60, and we shall thus obtain, after 
dividing by tlie coefficient of 3^, an equation of the form ofa^^zB, 
Extracting the squa/re root of both members, we shall find 

NoTK — If B ia negative, the value dzVB, of x, will be imaginary. 

EXAMPLES. 

x^+2 
1. Giren-^+7=9,tofindthevalue8ofa,. 

This, when cleared of fractions, by multiplying by 19, becomes 
«*+2+13a=l7l. 
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TranspoBing and uniting terms, we find o^'^SS. If we compare 
this with our general form, we shall see that ^=36. Esctract- 
ing the square root, we have a;=:db6, or as it may be better ex- 
pressed, ar=6, ora;=— 6. 

"We must be careful to interpret the double sign db, correctly, 
the meaning of which is, that the quantity before which it is 
placed may be either plus, or it may be minus. It does not 
mean that the quantity can be both plus and minus at the same 
time. 

2. Given -—-5 + - = rrr, to find the values of a?. 

14ar 2 686 

This cleared of fractions, becomes 

147+343«"=346a?l 
TransposiDg and uniting terms, 30:*= 147. 

Dividing by 3, ir'=49. 

Extracting the square root, we find x=dz*I, 

3. Given a:* —-=44, to find the values of a:. 

36 

An8. a?=d=12. 

4. Given 8+6ic*=— +4ic*+28, to find the values of a?. 

Ana, x=zdtz5. 

6. Given 2+— — 7=— +13, to find the values of «. 

Ans. ar=db9. 

6. Find the values of x from the equation 

2a;»— 35=80+ ^^"" . Ana. x=:dc1. 

2 

7, Find the values of x from the equation 

^ , 3ar(a;+l) . , 3a:-2 . , , 

6H — ^ — ^=7H — - — . . Ans, xzs±:l. 

5 5 
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8. FiDd the values of x from the equation 



An9. «=ifc2* 



35 5 

9. I>lnd the values of x from the equation 

^ * ' = -. Am. a;=dbS. 

20 2 

10. Find the values of a? from the equation 

^-^ = 5+1. A^. .= ±4. 

9 3 9 

,, ^. 946-l7la;« 37-«« ^ ^ ^ ^^ 

lu Given -T = — r — , to find the values of x, 

Ans, a;=±l. 

12. Given =3aj'--4ar, to find the values of ar. 

Ana. a?==b4. 

d^J^x 4^^*4-6^?— 1 

18. Given — — = —-- ^ to find the values of x, 

4 20 

Arts. a?=d=%/ — 1. 

Both values being imaginary. 

Saj'+SSa? a:"+4ir 

14. Given -— h30=: — ha?,to find the values of a:. 

15 3 

Ans. a?=±15. 

16. Given -^ + ^-^ = ^^+20^, to find ar. 
5 3 15 3 

Am. a?=:±^— 4=±2%/— 1, 

which are imaginary values. 

16. Given — + — = ^-1^ — ^, to find x. Am. ar= ±1. 

(113.) K an equation involving one unknown quantity can be 
reduced to the form a^=^, the value of x can be found by sim- 
ply extracting the nth root of both members ; thus, 

a?=ViV. 
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(114.) Where it must be observed (Art. 79), that when n is 
an even number, the value of x will be either plus or minus for 
all positive values oiN\ but for negative values of JVthe value 
of X ivill be impossible. When n is an odd number, the value 

of X wiU have the same sign that N has. 

]_ 

(115.) If the equation can be reduced to the form iB"=JV, 
then X can be found by raising both members to the mth power, 
thus: 

X=:N^. 

Where x will be poative for all values of N^ provided m is an 
even number ; but when m is an odd number, then x will have 
the same sign as N. 

(116.) Finally, when the equation can be. reduced to the form 

we must first involve both members to the mth power, and 
then extract the nth root, or else we may first extract the nth 
root, and then involve to the with power (Art 81), 

m 

Thus, x=N^. 

EXAMPLES. 

1. Given —T — -- = — ; — — --, to find x. 
\/ir+4 Vx-\-Q ' 

This, when cleared of fractions, becomes 

a?+34v^a;+168=a: + 42x/a;+152. 

Transposmg and uniting terms, we have 

8\/a:=16. 
Dividing by 8, \/a:=2. 

Raising to the second power, xxszA. 
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2, Given v^z+v'a+x= , to find x. 

Hiis equation, when cleared of firactions, by multiplying by 

>/a+x, becomes 

>/ax+«*+a +«= 2a, 

or, >/aj:4-«*=a— ar. 
Squaring both members, 

ar+«*=a'— 2a«+«*, 
or, 8a«=a', 

a 
or, ar=-. 

8. Given 3+a?^=7, to find the values of x. Am. a:=:±8. 

4. Given (y;^— 6)^=a— rf, to find the values of y. 

Ans. y=|(a-rf)«+6K 

6. Given v'«— 32=16— \/aJ, to find the value of «. 

Am, a:=81. 

6. Given {x+ay^^— — j, to find the values of «. 

7. Given ^^"^ — ^^^^ = , to find the values of a?. 

y/x—y/x—l a;— 1 

K we multiply the numerator and denominator of the left- 
hand member by the numerator, it will become 

Extracting the square root^ we find 
y/x+y^x-l^ 



y/x-l 
This readily gives ir=:f , or iP= — J. 
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8. Given (a^— 16)^=7, to find x. Ans. ir=4. 

9. Given (a^— 7)^=3, to find the values of a?. 

Ans. a?=db2. 

10. Given (a;^--l)»=49, to find x. Ans. a;=16. 

11. Given y^^ = ^^^^, to find x. Ans. ;r=ip. 

\/a:+6 \/a?+4' • 

COMPLETE QUADRATIC EQUATIONS, 

(117.) We have ah*eady seen, that 

aa^-i- bx=c, (A) 

is the most general form of a quadratic equation, where 

a = the coeflScient of the first term, 
b = the coefficient of the second term, 
c = the term independent of x. 

Since x enters into this equation in the second power, we 
must extract the square root before we can find its value. We 
cannot extract the square root of the left-hand member as it now 
is, unless a, the coefficient of a?, is a square number. If we mul- 
tiply both members of this general form by a, it will become 
a^a?+abx=:ac. (1) 

We will now attempt to extract the square root of the left- 
hand member by the Rule under Art. 84. 

a^x^+abx {ax-\- -, 

2aa?+- , 6* 

2 abx+— 
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From the operation, thus fiir extended, we see that the root 
of the left-hand member would be aa;+-, provided the left-hand 

member had an additional term of -r-. We will therefore add 

4 

to both members of (1), -— . It will thus become 

oV-l-a&rH — — = -— +ac. 
4c 4 

The left-hand member is now a perfect square. If we multi- 
ply it by any square number, the result will still remain a per^ 
feet square. Multiplying by the square number 4, the fractions 
will disappear, and the resulting equation will become 

4aV-f4a&r-f6»=6* + 4ac. (2) 

Now extracting the square root' of both members of (2), we 
shall obtain 

2ax+b=zdoy/b^+4ac. (3) 

By transposition, (3) ^ves 

2az=-'bdzy/¥+4MC. (4) 

Dividing (4) by 2a, we get 

2a ^ ' 

Formula (B) may be regarded as a general solution of all 
complete quadratic equations. 

K we translate it into common language, we shall obtain a 
rule for'solving complete quadratics. 

Hence, to find the value of an unknown quantity, when given 
by a quadratic equatioQ, we have this 

RULE. 
Having reduced the equation to the general form aai^+bxz=e, 
toe can find x, by taking the coefficient of the second term with 
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iis dgn chan^ied, plus or mintis the sqtuire root of the square of 
tJt£ coefficient of the second term increased hy four times the co* 
efficient of the first term into the term independent of x ; and 
dividing the whole by twice the coefficient of the first term. 

EXAMPLES. 

86 — X 
i. Given ix =46, to find the values of «. 

X 

This, when cleared of fractions, becomes 
4a^— 36+a?=46aJ 
Transposing and uniting terms, we have 

4a:»— 45a;=36. 
This compared with the general form 
ax^ -{-hxzzzCj 
gives a=4; 6=— 45; c=36. 
The square of the coefficient of the second term is 
(-45)*=2025. 

Four times the coefficient of the first term into the term inde- 
pendent of :r, is 

4X4X86=676. 

Therefore, taking the square root of the square of the coeffi- 
cient of the second term increased by four times the coefficient 
of the first term into the term independent of a;, we get 

± >/2025+676=± ^2601 = db51. 

This added to the coefficient of the second term with the sign 
changed, gives 

45db61. 

which must be divided by twice the coefficient of the first term. 

Hence, 

45=b61 
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If we take the upper dgn, we get 
46+61 



8 =''- 



If we take the lower sign, we find 
46—61 



= -f. 



8 
Therefore, a;=12, or — |. 

Either of which values of x will verify the equatioB 

3*c— 4 ic— 2 

2. Given =9 , to find the values of x, 

«— 4 2 ' 

This, when reduced to the general form, becomes 

a;»-18a;=~72. 
Squaring 18, we get 

(18)«=324. 

Four times the first coefficient multipHed into —72, gives 

4x-'72=-288, 
which added to 824, gives 86, the square root of which is dbO. 

Therefore, x = = 1 2, or 6. 

^. r— Vlx^-hSQx 

3. Given V3a:— 6= , to find the values of a?. 

X ' 

Squaring both members, we have 

ar 
This, cleared of fractions, becomes 

3«"— 6a;=:'7«+36. 
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TraDBik)sbg and uniting terms, we have 

a**— 12«=86. 
This, divided by 3, gives 

«"— 4a;=12. 

Therefore, «= ^^^J-^- = -;r- =6, or —2. 

2 2 

3 3 2*7 

4. Given -^ — — + , , . = --, to find the values of x, 

ar— 3a? ar+4a? ox 

This, by reduction, becomes 

9a^— 7a;=116. 

Therefore, «= j^ = -j^=4, or-3j. 

ir'+12 « 

5. Given — h 77 = 4a;, to find the values of a:. 

2 2 

This reduced, becomes 

a:*— 7a;= — 12. 

Therefore, a;= = — -— =4, or 3. 

2 2 

(118.) An equation of the form 

<u^+h3r=ic, (A) 

can be solved by the above rule, which indeed will agree with 
the form under consideration in the particular case of n=l. 

If, in the above equation, we write y for af , and consequently 
y* for a;**, it will become 

which is precisely of the form of (A), Art 117. Consequently, 
-6db\/6« + 4ac 



y=- 



2a 
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Resubstituting af for y, we have 

-6 dbv^y+4ac 
2a 

^^ "^=1 Ta f • (^> 

This value of x must hold for all values of the constants n^ a, 
&, and c, whether positive or negative, integral or fractional. 

1. Given a^+aa;"=6, to find x. 

This beconies ^'\'ay=z\ when for ic* we write y. 

Therefore, y= =sr. 

Hence. .=^[z^±:^]^\ 

2. Given 8a!**— 2«*=8, to find a?. 

^ 2=hl0 ^ 
af=-^=2. 

Therefore, a?=V2. 

3. Given 2(l+af— a^)— ^1+a:— a^=— |, to find x. 
I^ for 1 +a:— a^, we put y", our equation will become 

or, 18y*— 9y=— 1. 

9db3 
Therefore, y=:-^ = ^, or f 

Hence, y«=: J, or ^. 

Resubstituting 1+a?— aj*, for y*, we have, when we take the 
first value of y*, 

1 +«-««= J, 

or, 9a:"— 9a;=8. 
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Therefore, a=?^!^=j+|v^41, or J-^v^*!. 

When we take the other value of y*, we have 

or, 36;r"— 36aj=36. 
Therefore, x= ^^"^^^^^ =i+iv^n, or i-iv^ll. 
Collecting these four values of a?, we find 

4. Given **— 25«'= — 144, to find the four values of*. 
Let ^=^y^ and the above equation will become 

y«-26y=-144. 
Hence, y=l^) or y=9. 

Consequently, «= +4, or — 4 ; or else «= +3, or —3. 

5. Given a?*— Yir'=8, to find the four values of x. 
Assume ^=y, and we find 

y»-.ry=8. 
This solved, gives 

y=8, ory=— 1. 

When y=8, we find 

a?==fc%/8. 
But when y = — 1, we find 

These two last values are impossible, 

6. Given 2«— Y\/a:=99, to find x. 

If we let '/*=y, we shall have 

2y»-'ry=99. 
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Hence^ y=9, ory=— y. 

If we take 9 for the value of y, we find 

«=81. 
But if we take — y for the value of y, we find «=1|1.. 

7. Given 2«*+v'2aj»+l = ll, to find the four values of a?. 

Adding 1 to both members of the equation, we have 

2a;*+l + v^2?+l=12. 
Assume 2a^+l=y", 

and we obtain tt+V^ 12. 

This gives . y=3, or y= — 4. 

Hence we have these two equations^ 

2a!»+l=9, 
2«'+l=16. 
The first of these gives 

«=2, ora:=— 2. ' 

The second g^ves 

«= J>/30, or a?= — J>/30. 

8. Given a^— 8a:'=513, to find one of the values of x. 

Ans, ar=3. 

9. Given «* + 4«'=12, to find two values of x. 

Ans. x=dtzy/2. 

10. Given «»— «• =2, to find the valuesof x.Ans, «=l,or 64. 

11. Given af^^+o;* =20, to find the values of «. 

Ana. ic==b8, ordb6\/— 6. 

(119.) When in the general form for quadratics a=l, the 
Rule under Art. 117 is susceptible of considerable modification. 
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If we substitute 1 for a in formulas (A) and (B), Art 117, 
they will become 

;• a^-\-bx=zc. (C) 



-= 2 =-2=^^(2) +''• (^) 

Therefore, when the coefficient of iC* is a unit, the value of x 
can be found from formula (D). 

All quadratic equations may be put under the form of (C), by 
dividing all the terms by the coefficient of ar*, so that the expres- 
sion of (D) for X must be as general as that of (B), Art 117. 

Hence, for the solution of quadratic equations, we have this 
second 

RULE. 

Saving reduced the equation to the form a^ + bx = c, we 
can find x, by taking half the coefficient of the second term, with 
its sign changed^ plus or minus the square root of the square of 
the half of the coefficient of the second term increased by the term 
independent ofx, 

EXAMPLES. 

1. Given «■— 10fl?= — 24, to find x. 

In this example, half the coefficient of the second term is 5, 
which squared and added to —24, the term independent of x^ 
is 1. Extracting the square root of 1, we have dbl. 

Therefore, «= 6 d= 1 = 6, or 4. 

X 1 

2. Given —r-rr = -z r, to find x. 

a;+60 Sir— 6' 

Hiis, cleared of fractions, becomes 

3a;«-.5af=7a?+420. 
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Transposing and uniting terms, we have 
3a^-12ar=420. 

Dividing by 3, we have 

Therefore, a?=2il2 = 14, or —10. 

a?+12 X 26 

8. Given 1 — j— -- = -r-,to find a:, 

X ir+12 6' 

Ans, aj=3, or —15. 

4. Given 3««+42aj»=3321, to find x. 

Arts, «=3, or (—41)*. 

6. Given a:(a?-l) =(6-a:)|l+|Wl, to find «. 

Ans, x=z — 2, or J-3. 

6. Given — — }-8«=8— -, to find x. Ans. a?=2, or —8. 

7. Given «•— 8a?=— 17, to find the values of «. 

-4n5. a:=4 + n/^^ or 4— >/^^. 

8. Given a;'- 6«=16, to find the values of «. 

^jw. aj=8, or — 2* 

9. Given Ba:*- 5«=— 1, to find the values of «. 

Am, x^^j or ^, 

10. Given -5. — r== — -«» *<> fi^d the value of a:. 

or h 6" ^ 

uillM. a?=-r-. 


11. Given 2ir*— 5a;=:— 2, to find the values of «. 

Am, aj=2, or J. 

12. Given «■— (a+6)ir=— a5, to find the values of ar. 

Ans, x=a^ or b. 
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13. Given oa" +(«'+!)«=:— a, to find the values of a?. 

Ana. «=— a, or — • 

14. Given lO*'— 101«= — 10, to find the values of «. ^ 

Ans, x=zlO, or ^, 

(120.) EQUATIONS CONTAINING TWO OR MORE UNKNOWN QUAN- 
TITIES, WHICH INVOLVE IN THEIR SOLUTION QUAD- 
* RATIO EQUATIONS. 

EXAMPLES. 

1. Given i *+y=l^» (0 ) to find x and y. 

I 0^=16, (2)f' 

The square of (1) is 

«'+2a;y+y«=100. (8) 

Subtracting 4 times the second from the (3), we get 

ir"-2ay+y«=86. (4) 

The square root of (4) is 

«-y=±6. (6) 

Half the sum of (1) and (5), gives 

ic=8, or 2. 
Half the difference of (1) and (5), gives 

y=2, or 8. 

In this example, it will be seen that if x and y are inter- 
changed, the two equations will in no respect be altered. Hence, 
the values of x and y, when found, ought to be interchangeable 
one with the other : and this we see is really the case ; since 
when 2; is 8 then y is 2, but when « is 2 then y is 8. 

2. Given \ * +y =«» W I , to find « and y. 

(aj«+y«=6, (2))' 
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Squaring (1), we haye 

«*+2»y+y*=a«. (3) 

SubtractiDg (2) from (3), we gei 

2xy=a^-h. (4) 

Subtractmg (4) from (2), we find 

«•— 2ajy+y«=26— a*. (o) 

Extracting the square root of (5), we get 



ar~y=db\/26-a». (6) 

Taking half the sum of (1) and (6), we get 

Subtracting (7) from (1), we find 



'^=hl^^- 



y=5=Fo^26-a«. 



In tliis example, as in the preceding one, we see fbai tbe valnei 
at X and y aie interchangeable. 

When j,= | + |(26_a»)i, 

but when « = ~ - (26—0*)*, 

thenwiU y=:^ + i(26-a«)i 



) 
V toj 



/a?(y+«)=a, (1) 
3. Giyen J t^{z+x)=sb, (2) |> to find x^ y, and«. 

Before proceeding to the solution of these equations, we will 
remark, that they are symmetrical, and consequently all the d^ ' 
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riyed equations will either contain all the letters similarly com- 
bined, or else they will appear in systems of three equations 
each, which can be deduced from each other by simply per- 
muting (Art Is). 

K we take the sum of (1), (2), and (3), a^r expanding them, 
we shall have 

2xy+2yz+2zx=a + h+c. (4) 

In this equation all the letters enter symmetrically ; therefore 
it will not give rise to any new equation by permutation. 
K we subtract twice (3) from (4), we ge| 

2on/=a+b-'C. (5) 

By permutation, we derive from (6) these two equations, 
2y2=6+c— a, (6) 

2zx=c+a^h, (7) 

Equations (6), (6), and (7) readily give 

x!/= — 2— . (8) 

y2=-^- (9) 

Taking the continued product of (8), (9), and (10), we shall 
have 

'V^=C-±|=-')('-±F)C-T=-')- (») 

This equation containing all the letters syrometrically combined, 
can give no new condition by permutation. 

Dividing (11) by the square of (9), we shall have 

(a + &^c)(c+a-5) 



Digitized byLjOOQlC 



162 . cLKiaanB of AT<a«BBA. 

By pennntiog, we derire fixxn (12) these two equations: 
._ {b+c-a){a+b-c) 
^- 2(c+a-6) ' ^^^> 

(c+a-b) (b+e-a) . . 

^- 2{a+b-c) • ^^*' 

Takintt the square roots of (12), (13), and (14), we find 

- ^\ (a+b-c) (c+a-b) )^ 
2(b+c-a) \ ' 



■=-{ 



,^± j (h+e-a){a+b~c) ) * 
e—a\ ) i 



\ 2{c+a-b) 



(16) 
(16) 



_ j (c+a-b) {b+c-a) 



-H 



(lY) 



2(a+6— c) 

This example is a good illustration of the beautiful method of 
deriving one quantity from another, of a similar nature, by sim- 
ply permuting. 



4. Given ^ 






>- to find X and y. 



Ana, 



2 ^ ^ b 



The two equations of this example are also symmetrical, and 
consequently allow of permutation. 

5. Given \ , "" ' } to find the values of x and y. 

I a:y=6, ) 

( «=d=J(a+26)^±J(a-26)i. 
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The equations oi this example allow at tax intotshange of x 
aody. 

6. Given i ^+J^+*+y=«. I to find « and y. 

( y=-J±i(l+2a-26)i 
r*»+y'=a,| 

7. GivOT ■( aa!=&, > to find x, y, and z. 

j«=«. J r .4/"T- 



The above are not symmetrica], still they allow of the inter- 
change of z and y, and of 5 and c. But z and a must remain 
unchanged. 

(121.) QUESTIONS WHICH REQUIRE FOR THEIR SOLUTION A 
KNOWLEDGE OF QUADRATIC EQUATIONS. 

1. A widow possessed 13000 dollars, which she divided into 
two parts, and placed them at interest, in such a manner that 
the incomes from them were equal. K she had put out the 
first portion at the same rate as the second, she would have 
drawn for this part 360 dollars interest; and if she had 
placed the second out at the same rate as the first, she would 
have drawn for it 490 dollars interest. What were the two 
rates of interest? 

Let X s the rate per cent of the first part 
Let y = the rate per cent of the second part 
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Now, onoe the incomes of the two parts were equal, they 
must have been to each other reciprocally as a; to y. 

We must therefore divide $13000 into two parts which shall 

be to each other as y to « ; that is, the first part must be — ■ — 

X 

of ihe whole, and the second part must be of the whole. 

Therefore, =- = the first part 

— ; =the second part 

The interest on these parts, at y and x per cent, respectively, is 

130y* ^ 130x" 
—7-^ and 

«+y «+y 
Hence, by the conditions of the question, we have 
130y« 



«+y 
130^ 
«+y 
Dividing (2) by (1), we get 

y"""36' 
Extracting the square root of (3), we have 
x_l 

y"fi' 

Subtracting (1) from (2), we have 



=360. (1) 

=490. (2) 



(3) 



(4) 



H2(fll3=.I30, (5) 

x+y ^ ' 

Dividing both numerator and denominator of the left-hiuid 
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member of (5) by x-hy, and also dividing both n 


ttembers 


by 


130, we get 

oj— y=l. 


(«) 




Dividing (6) by y, we find 






y y 


C) 




Subtracting (7) from (4), we hare 






y y 


(8) 




Clearing (8) of fractions, we obtain 






6y=Yy— 6. 


(9) 




Therefore, y=6. 


(10) 





Adding (10) and (6), we get 

Therefore, the rate per cent of the first part was 7, and that 
of the second part was 6. 

2. A certain capital is on interest at 4 per cent. ; if we mul- 
tiply the number of dollars in the capital, by the number of dol- 
lars in the interest for 5 months, we obtain $11704 If. What 
is the capital ? Ans. |2650. 

3. There are two numbers, one of which is greater than the 
other by 8, and whose product is 240. What numbers are they ? 

Ans. 12 and 20. 

4. The sum of two numbers is =:a, their product =6. What 
numbers are they ? . a-hN/(a*— 46) a— >/(a*— ^46) 

2 2 

5. It is required to find a number, such, that if we multiply 
its third part by its fourth, and to the product add five times the 
number required, the sum exceeds the number 200 by as much 
as the number sought is less than 280. Ans. 48. 
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6. A person being asked his age, answered, " My mother wa» 
20 years old when I was born, and her age, multiplied by mine, 
exceeds our united ages by 2500." What was his age ? 

Ans, 42 years. 

Y. Detennine the fortunes of three persons, A., B., C, from 
the following data : For every $5 which A. possesses B. has $9, 
and C. $10. Farther, if we multiply A.'s money (expressed in 
dollars, and considered merely as a number) by B.'s ; and B.'s 
money by C.'s, and add both products to the miited fortunes of 
all three, we shall have 8832. How much had each ? 

Ans. A. $40, B. $Y2, C. $80. 

8. A person buys some pieces of cloth, at equal prices, for $60. 
Had he received three more pieces for the same sum, each piece 
would have cost him $1 less. How many pieces did he buy ? 

Ans. 12 pieces. 

9. Two travellers, A. and B., set out at the same time, from 
two different places, 0. and D. ; A. from G. to D. ; and B. from 
D. to C. On the way they met, and it then appears that A. had 
already gone 30 miles more than B., and, according to the rate 
at which they travel, A. calculates that he can reach the place 
D. in 4 days, and that B. can arrive at the place G. in 9 days. 
What is the distance between C. and D. ? Ans, 160 miles. 

10. Divide the number 60 into two such parts, that their prod- 
uct may be to the sum of their squares, in the ratio of 2 to 6. 

Ans. 20 and 40. 

11. A grazier bought as many sheep as cost him $150, and 
after reserving 15 out of the number, he sold the remainder for 
$135, and gained $i a head. How many sheep did he buy ? 

Ans. Y5 sheep. 

12. What number is that, which, when divided by the product 
of its two digits, the quotient is 3 ; and if 18 be added to it, the 
digits will l»e inverted ? Ans. 24. 
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IS. Two partners, A. and B^ gained $140 by trade; A.'s 
money was 3 months in trade, and his gain was $60 less than 
his stock; and B.'s money, which was $50 more than A.'s, was 
in trade 5 months. What was A.'8 stock? Ans. $100. 

14. It is required to divide the nmnber 24 into two such parts, 
that their product may be equal to 35 times their difference. 
What are the parts? Ans. 10 and 14. 

15. A company at a tavern had $60 to pay for their reckon- 
ing ; but, before the bill was settled, two of them left the room, 
and then those who remained had $1 apiece more to pay than 
before. How many were there in the company ? Ans. 12. 

16. There are two numbers whose difference is 15, and half 
their product is equal to the cube of the less number. What 
are those numbers I Ans. 3 and 18. 

lY. A ifierchant bought a certain number of pieces of cloth 
for $200, which he sold again at $10} per piece, and gained by 
the bargain as much as one piece cost him. What was the 
number of pieces ? Ans.. 20 pieces. 

18. Divide 16 into two such parts, so that the product of th# 
two parts added to the sum of their squares may equal 208. 

Ans. The parts are 4 and 12. 

19. Find two numbers which shall be to each other as m to 

n, and the sum of their squares equal to a. 

1 



Ans. mxl'-Y-;—^) ; ^X ( a . a ) • 



20. Find two numbera which shall be to each other as w to 
n, and the difference of their squares equal to a. 



Ans, mX\ f' A ' nxl .^ , ) . 
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21. The sum of the squares of two numbers is equal to a, and 
the difference of their squares is equal to b. Find these numbera. 

Ans. l(2a+26)^; i(2a— 26)^. 

22. Find a number, such, that its square diminished by i may 
equal f of itself. Ans. 1, or —J. 

23. Wbat numbers are they, whose sum, product^ and diflfer- 
ence of their squares are all equal to one another ? 

Ans. ^(3=bx/5); i(l±y/5). 

24. A* and B. together, agree to dig 100 rods of ditch for 
llOO. That part of the ditch on whicb A. was employed was 
more difficult of excavation than the part on which B. was em- 
ployed. It was therefore agreed that A. should receive for each 
rod 26 cents more than B. received for each rod which he dug. 
How many rods must each dig, and at what prices, so that each 
may receive just $50 ? 

Let aj=number of dollars received by B. for each rod which 
he dug. Then will a;+i=the number of dollars received by A* 
for each rod which he dug. Since 50 is the number of dollars 
which each received, we have 

— -T = - — -— = number of rods duff by A-, 
— = " " « B. 

X 

These added must give the whole number of rods. Hence we 

have this condition, 

200 60 

+ ~=100. 



4a;+l X 

Clearing of fractions and transposing, &c,, we find 
8a:*— 6a?=l ; or, «^-.|ii;=J-. 

Hence, a;=f=b|N/l7. 
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Since ^x/H is greater than f, we must reject the negative 
value of this surd, otherwise we should have a negative value of 
x; that is, B. would receive a negative price for his work, which 
would be absurd. 

Using only the plus sign of the surd, we have 

for the number of dollars which B. received per rod ; 

a^+i=i+f+ix/l^=i(5+v^l^) 
for the number of dollars which A. received per rod. 
We also find 

50-i-i{5+V11)=j^^ =50(5- v/17) 

for the number of rods dug by A ; 

and 60H-K3+v/l7)=3:^=50(v/l7-3) 

for the number of rods dug by B. 

FROPSBTIXS OF THE ROOTS OF QUADRATIO EQUATIONS. 

(122.) We have seen that all quadratic equations can be re- 
duced to tiiis general form, 

a?+ax=b. (1) 

This, when solved by the Rule under Art. 118, gives 



*=-|±/J76. (2) 



Therefore the two values of x are 



-l + V^l, (3) 

_|_>/^5. (4) 
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(123.) Now, since "T" = (q ) is always positive for all real 

, o? 

values of a, it follows that the sign of the expression -^ + ^, de- 
pends upon the value of 5. 

(124.) "When h is positive, or when h is negative and less than 

-— , then will --- + 6 be positive, and consequently y — — \-b will 
4 4 4 

be real. 

a* 
(125.) "When h is negative and numerically greater than — , 

a' /^ 

then— +6 will be negative, and consequentiy r -j- +& will be 

irrutginary, 

CASE I. 

When y —+hi8 real. 



d ^ a/ ^ 

1. K a is positive, and ~ is numerically greater than y — +&, 

M 4 

then will both values of a; be real and negative, 

2. When a is either positive or negative, and - is numerically 

less than r — +6, then will both values of a? be real^ the one 
positive^ and the other negative. 

3. When a is negative and - is numerically greater than 



/a' 
y — +6, then both values of x will be real and positive. 

CASE n. 
When y 'T'+h is imaginary. 
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In this case both values of x are imaginary for all values of a, 
(126.) When b is negative and numerically equal to -— ,then 



a 
both values of x become = — ;r* 



(12Y.) If we add together the two values of a?, we have 



(_l+,/|7.)+(-=-/P)=-. 

If we multiply them, we find 

(_l^v^.)x(-|-t/f7.)=-.. 

From which we see, 

That the sum of the roots of the quadratic equation 3^ ■\-ax^=ih 
is equal to —a. 

And the product of the roots is equal to —6. 

(128.) We have seen that every quadratic equation, when 
solved, gives two values for the unknown quantity. These 
values will both satisfy the algebraic conditions, and sometimes 
they will both satisfy the particular conditions of the problem, 
but in most cases but one value of the unknown is applicable to 
the problem; and the value to be used must be determined 
from the nature of the question. 

We will illustrate this principle by the solution of some par- 
ticular questions. 

1. Find a number, such, that its square being subtracted from 
five times the number, shall give 6 for remainder. 

Let :r=the number sought. 
Then, by the conditions of the question, we have 

5x^a*=:e. (1) 
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Chan^Dg all the signs of (1), it becomes 

a^— 5a:=:-6, (2) 

which, when solved by the rule for quadratics, gives 

TaMog the first value, ir=3, we find its square to be 9. 

Five times this value ofa?is6x8=15. 

And 15*— 0=6 ; therefore the number 3 satisfies the question. 

The number 2 will satisfy it equally well, since its square=4, 
which subtracted fix)m five times 2=10, gives for the remain- 
der 6. 

2. Find a number, such, that when added to 6, and the sum' 
multiplied by the number, the product will equal the number 
diminished by 6. 

Let rc=the number sought; then by the conditions of the 

question we have 

(a;+6)ar=ir-.6. (1) 

Expanding and collecting terms, we find 

«*+6a?=:— 6. (2) 

— 5il 
This solved, gives «= — - — = —3, or— 2. 

Here, as in the last question, we find that both values of x, 
will satisfy our question. 

If we take the first value, x= — 3, we find that the number 
—3 added to 6 gives 3, which multiplied by —3 gives —9 ; and 
this is the same as —3 diminished by 6. 

If we take the second value, a;= ~2, we find that the number 
—2 added to 6 gives 4, which multiplied by —2 gives —8; 
and this is the same as —2 diminished by 6. 

3. Ilnd a number which subtracted from its square shall give 
6 for remainder. 
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Let a;=the number ; then we have 

This gives ar= -—-=3, or —2. 

K we take 3 for the number, its square is 9, from which sub- 
tracting 3, we have 6. 

Again, taking —2 for the number, its square is 4, from which 
subtracting —2, we have 6. 

So that both values of x satisfy the conditions of the question. 

(129.) We will now add a couple of examples for the pur- 
pose of illustrating the case in which the roots are imaginary. 

1. Find two numbers whose sum is 8, and whose product 
lull. 

Let a:=the less number, then will 8— a?=the greater number. 

The product is (8— ar)a;=8a;— aj*, which by the conditions of 
the question is 17. 

Therefore we have this equation of condition, 

«»-8ar= — 17. 
This, solved by the usual rules for quadratics, gives 
a?=4db v^— 1, for the less number, 
and 8 — - (4± v^ — 1) = 4:^ ^^ — 1, for the greater number. 

Therefore, the numbers are \ , ! 

(4:^v^-l, 

both of which are imaginary ; we are therefore authorized to 
conclude that it is impossible to find two numbers whose sum is 
8, and product 11. 

We may also satisfy ourselves of this as follows : Since the 
sum of two numbers is 8, they must average just 4 ; hence the 
greater must exceed 4 just as much as the less £EdIs short of 4. 
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Therefore, any two numbers whose sum is 8, may be repre« 
sented by 

4-ar. 

Taking their product, we have 

(4+a?)(4-a;)=16-ir». 

Now, since «" is positive for all real values of a?, it follows that 
the product 16— a^ is always less than 16 ; that is, no two real 
numbers whose sum is 8 can he found^ such that their product 
can equal 17. 

If we put the expression for the product, which we have just 
found equal to lY, we shall have 

16-«»=1'7. 

Consequently, jc = db v^ — 1 . 

And, 4+a;=4db\/ — 1 ] the same values as found by the first 
4— a;=4:p\/^f method. 

These values, although they are imaginary, will satisfy the al- 
gebraic conditions^ of the question ; that is, their sum is 

(4±V3r)+(4q:Vi:i)=8, 

arid their product is 

(4±\/IT)x(4=p\/^=l7. 

2. Find two nmnbers whose sum is 2, and sum of their recip- 
rocals 1. 

Denoting the numbers by x and y, we have the following re- 
lations : 

1+1=1. <^> 

X y ) 
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These, solved by the ordinary rules, give 

Both these values are imaginary, consequently the conditions of 
the question are absurd. 

We may also show the impossibility of this question as fol- 
lows : The sum being 2, the numbers may be denoted by 1+x 
and 1— or. 

Taking the sum of their reciprocals, we have 
1 1 



which, when reduced to a common denominator, becomes 

2 

The denominator of this expression being always less than 1, 
for all real values of a?, the expression must exceed 2. Therefore, 
it is impossible to find two numbers whose sum>s shall equal 2, 
and the sum of their reciprocals equal 1. 

(130.) From what has been said, we conclude that, when in 
the course of the solution of an algebraic problem, we fisJl upon 
imaginary quantities,^ there must be conditions in the problem 
which are incompatible. 
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CHAPTEE VI, 
RATIO AND PROGRESSION. 

(131.) Br Eatio of two quantities, we mean their relation. 
When we compare quantities by seeing how much greater one 
is than another, we obtain arithmetical ratio. Thus, the arith- 
metical ratio of 6 to 4 is 2, since 6 exceeds 4 by 2 ; in the same 
way the arithmetical ratio of 11 to 7 is 4. 

In the relation a-^c^r, (1) 

r is the arithmetical ratio of a to c. 

The first of the two terms which are compared is called the 
antecedent ; the second is called the conseqttent Thus referring 
to (1), we have 

a = antecedent, 

c = conseqicentj 

r = ratio. 

From (1), we get by transposition, 

a=zc+r, (2) 

c=:a— r. (3) 

Equation (2) shows, that in an ariihm£tical ratio the antecedent 
is eqiLal to the conseqti^nt increased by the ratio. 

Equation (3) in like manner shows, that the consequent is equal 
to the antecedent diminished by the ratio, 

(132.) When the arithmetical ratio of any two terms is the 
same as the ratio of any other two terms, the four terms togethet 
form an arithmetical jproportion. 
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Thus if a— c=r ; and c^-^-cf^^r^ then will 

a-^c^a'-^c/, (4) 

which relation is an arithmetical proportion, and is read thus : 
a is 08 muck greater than c, as a' is greater than (/. . 

Of the four quantities constituting an arithmetical proportion, 
£he first and fourth are called the extremes, the second and third 
are called the means. 

The first and second, together, constitute the first couplet ; the 
third and fourth constitute the second couplet 

From equation (4), we get by transposing 

a+c'^za'+c, (5) 

Which shows, that the sum of the extremes, of an arithmetical 
proportion, is equal to the sum of the means. 

^c=^a\ then (4) becomes 

a^a'^a'-c^, (6) 

which changes (5) into 

a+cf—2a\ (7) 

So that if three terms constitute an arithmetical proportion, 
the sum of the extremes will equal tmce the mean, 

(133.) A series of quantities which increase or decrease by 
a constant difference, form an arithmetical progression. When 
the series is increasing, it is called an ascending progression ; 
when decreasing, it is called a descending progression. 

Thus, of the two series, 

1, 3, 6, 7, 9, 11, &c. (8) 

27, 23, 19, 16, 11, 7, &c. (9) 

the first is an ascending progression, whose ratio or commxm dif 
ference is 2 ; the second is a descending progression, whose com^ 
mon difference is 4. 

(134.) If a = the first terra of an ascending arithmetical pro- 
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greBsioii, whose common difference = «?, the successive tenns 

will be 

assfirst term, 
a+<?=:8econd term, 
a+2(f= third term, 
a +3(f= fourth term, 



(10) 



a+ (n — 1 )d=z nth term. 
If we denote the last or nth term by /, we shall have 

/=a+(n— l)rf. (11) 

From (11) we readily deduce 

a=/-(n-l)(f, (12) 

»=i=i+I. (U) 

When the progression is descending, we must write — rf for rf 
in the above formulas. 

Since each term of an arithmetical progression is greater by d 
than its preceding term, it follows that the term next to the last 
is as much smaller than the last, as the second term is greater 
than the first term. Hence, the sum of the second term and the 
term next to the last is the same as the sum of the first and the 
last term ; and in general, The sum of any two terms equidistant 
from the extremes is equal to the sum of the extremes, so that 
the terms will average half the sum of the extremes ; conse- 
quently, the sum of all the terms equals half the sum of ihe eX" 
tremes multiplied by the numher of terms. 

Representing the sum of n terms by «, we have 

*=^^Xn. (16) 
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From (15), we easily obtain 



a= 1 

n 


(16) 


/ = a. 

n 


(17) 


28 


(18) 



Any three of the quantities, 

a = first term, 

rf= common difference, 

n=nmnber of terms, 

I =last term, 

<= sum of all the terms, 
being given, the remaining two can be found, which must give 
rise to 20 different formulas, as given in the following table for 
Arithmetical Progression. 

We have not deemed it necessary to exhibit the particular 
process of finding each distinct formula of the following table, 
since they were all derived from the two fundamental ones (11) 
and (15), by the usual operations of equations not exceeding the 
second degree. 
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KLEUENIB or AT/iH!mtA- 



No. 


GWen. 


^a-*- 


Fomnliw. 


C0nr. 

17 
19 

20 


1 

2 
3 


a,d,n 
a, n, s 


/ 


Z=a+(»-l)rf 


1= -^rf+ V2rf«+(a-^)« 

7 2« 

Z= a 

n 


4 


d,n, s 




j_s (n-l)d 
n 2 


18 


5 


a,d,n 




s=i«[2a+(»-l)rf] 


8 


6 


a,d,l 


8 


l+a {l+a){l-a) 
2 "^ 2d 




1 


a,n, I 




8=^n{a+l) 




8 


d,n,l 




s=^n[2l—(n-l)d] 


5 


9 


a,n, I 




n— 1 




10 
11 




d 


- 2»— 2an 


12 


«(n-l) 
(l+a){l-a) 
Is-l-a 


12 


n, I, 8 




^ 2nl-2s 
«(n-l) 


10 


13 
14 


a,d,l 
a,d, 8 


n 


"=^+' 


16 


"=^+/?+(^)" 


15 
16 


a, I, 8 

d,l,8 




2« 


14 


2l-\-d ji/{2l+d\* 28 
"" 2d M 2rf 7 d 


17 


d,n,l 




a== ;-(«-. l)rf 


1 


18 


d,n, 8 




n 2 


4 


19 


d,l,8 




a=:^d-{^y^{l+idy^2d8 


2 


20 


n, I, 8 




28 , 

a=: ; 


3 
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(135.) From the nature of an arithmetica] progression, we 
discover that if we subtract the common difference from the last 
term, we shall obtain the term next to the last ; if we subtract 
from the last term twice the common difference, we obtain the 
second term from the last. Hence the terms of an arithmetical 
progression will be reversed if we interchange the values of a and 
I, and at the same time change the sign o£d. Thus, the general 
form of an arithmetical progression is 

a, a+d, a+2d, l^2d, l-^d, L 

Changing a to ^, 2 to a, and changing the sign of d^ we have 

l^ l^d, Z— 2c?, a+2d, a+rf, a, 

which is precisely the same progression as the first, with the 
terms arranged in a reverse order. The above change has, of 
course, no effect upon the number of terms, nor upon the sum of 
all the terms. 

Therefore, in any of the formulas of the preceding table we 
toe at liberty to make the above-named changes. As an exam- 
ple, we will take from the table formula 2, which is 

l=-^ld+ ^2ds-h{a-'id)\ 

Now, changing I to a, a to I, and changing the sign of d, it 
oecomes 

a=id+ V{l-^W-^^^y 
which is formula 19. 

In the same way, formulas 14 and 16 may be deduced from 
each other. Such formulas as may be derived from each other 
by the above changes we shall call correlative formulas. It is 
evident that some of the formulas of the table have no' correlative. 
Thus, formulas 13 and 16 are not altered by the above changes. 
Those formulas which have correlative formulas have them In- 
ferred to in the table, under column headed Corr, 
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BXAHPLES. 

1. The first term of an aiitlimetical progression is 7, the com- 
mon difference is ^, and the number of terms is 16. What is 
the last term ? 

To solve this we take formula 1 from our table, which is 

/=a + (w— l)c?. 

Substituting the above given values for a, d, and n, we find 
?=Y+i(16-l)=10j. 

2. The first term of an arithmetical progression is |^, the com- 
mon difference is \, and the last term is 8|-. What is the num- 
ber of terms ? 

In this example we take formula 13. 
/—a 

which in this present case becomes 

n=?ip^+l=26. 
T 

8. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards from each other, how fiir 
will a person travel who shall bring them one by one to a bas- 
ket, placed at 2 yards from the first stone ? 

In this example a=4; d=z4) n=100, which values beiiig 
substituted in formula 5, give 

•=60(8+99 X 4)=20200 yards. 

which, divided by 1760, the number of yards in one mile, we 
get 

«=11 miles, 840 yards. 

, 4. What is the sum of n terms of the progression 

1, 8, 5,1,9, . . . . ? Ana. «=n'. 
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5. What is the sum of n terms <^ the progression 

1,2,3,4,6, ....? ^inj. g^ ^(^+^) . 

6. A man buys 10 sheep, giving tl for the first, $3 for the 
second, $5 for the third, and so increasing in arithmetical pro- 
gression. What will the last sheep cost at that rate ? 

By formula 1. Ans. $19. 

7. A person travels 25 days, going 11 miles the first day, and 
135 the last day ; the miles which he travelled in the successive 
days form an arithmetical progression. How far did he go in 
the 25 days ? By formula Y. Ans. 1825 miles. 

8. A note becomes due in annual instalments, which are in 
arithmetical progression, whose common difference is 3 ; the 
first payment is Y dollars, the last payment is 49 dollars. What 
is the number of instalments ? By formula 13. Ans. 15. 

9. In a triangular field of com, the number of hills in the 
successive rows are in arithmetical progression : in the first row 
there is but one hill, in the last row there are 81 hills; and the 
whole number of hills in the field is 1681. How many rows 
are there ? By formula 16. Ans. 41. 

GEOMSTBIOAL RATIO. 

(136.) When we compare quantities by seeing how many 
times greater one is than another, we obtain geometrical ratio. 
Thus, the geometrical ratio of 8 to 4 is 2, since 8 is 2 times as 
great as 4. Again, the geometrical ratio of 16 to 3 is 5. 

a 

In the relation, -=r, (1) 

c 

r is the geometrical ratio of a to c. 

As in arithmetical ratio, 

a=: antecedent. 

czzzconsequent. 

r=:ratio> 
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From (1), we get by ledactaon, 

a=zcr^ (2) 

c=^. \ (3) 

Equation (2) shows, that in a geometrical ratio the antecedent 
is equal to the consequent multiplied by the ratio. 

Equation (3) shows, that the consequent is equal to the antece- 
dent divided by the ratio, 

(137.) When the geometrical ratio of any two tenns is the 
same as the ratio of any other two terms, the four terms together 
form a geojnetrical proportion, 

a of 

Thus if -=sr ; and — r =^ then will 
c & 

-A' w 

which relation is a geometrical proportion, and is generally writ- 
ten thus: 

a : c : : a' : (/, (6) 

which is read as follows : a is to c, as a^ is to cf. 

Of the four quantities which constitute a geometrical propor- 
tion, as in arithmetical proportion, the first and fourth are called 
the extremes^ the second and third are called the means. 

The first and second constitute the first couplet ; the third 
and fourth constitute the second couplet. 

From equation (6), or its Equivalent (4), we find 

axf^a'c, (6) 

Which sJwws, that the product of the extremes of u geometrical 
proportion is equal to the product of the means, 
K c=af then (6) becomes 

a \ a' :-, a' : c", (1) 
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which changes (6) into 

a/d^Qf^, (8) 

%o thai, if three terms constitute a geometrical jiroportion, the 
product of the extremes will equal the square of the mean. 

(138.) Quantities are said to be in proportion by inversuyiij or 
inversely^ when the consequents are taken as antecedents, and 
the antecedents as consequents. 

From (5), or its equivalent (4), which is 
a of 

we have by inverting both terms 

a~" a'' 
Therefore, by Art 137, 

c : a : : c^ : o^. (10) 

Which shows^ that if four quantities are in proportion, they will 
he in proportion by inversion, 

(139.) Quantities are in proportion by alternation^ or alternate 
ly^ when the antecedents form one of the couplets, and the con- 
sequents form the other. 

Resuming (4), 

a a' 

Multiplying both terms of (11) by —^ it will become 



Therefore, by Art 137, 

a : a^ 11 c \ cf. (12) 

Which sTiows, that if four quantities are in proportum^ they will 



be so by alternation. 
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(140.) Quantities are in proportion by campasitUmj when the 
sum ci the antecedent and consequent is compared either with 
antecedent or consequent 

Besuming (4), 

1=7- W 

€ & 

If to (13), we add the terms of the following equation, - =r-^ 
each of whose members is equal to unity, we have 

Therefore, by Art 137, 

a+c : c : : a^+c" : c'. (14) 

Which ahowSy that if four quantities are in proportion^ they wiU 
he fio by composition. 

(141.) Quantities are said to be in proportion by division, 
when the difference of the antecedent and consequent is com- 
pared with either antecedent or consequent 

c & 

If we subtract the equation - = — , each member of which is 

c c 

equal to 1, from equation (4), we find 

Therefore, by Art 137, we have 

a^c : c : : a'—cf : c\ (16) 

Which shows, that if four quantities are in proportion, they wUl 
be so by division. 



Equation (4) is 



a of 
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Raismg each member to liie nth power, we have 

Therefore, since the above equation is true for all values of n, by 
Art 137, we have 

a^ I <f i: af^ \ (f^. (16) 

Which shows, that if four quantities are in proportion, lih 
powers or roots of these quantities will also he in proportion. 

If we have 

a : c : : a' : c', ) 



a : c : : a" 



ill) 



&c. &C. 

we have, by alternation. Art 139, 



a \ a' : : c : c', \ 

a : a" : : c : c", > 

a : a'" : : c : c"\ ) 

(&C. <&c. 



Therefore, by inversion, Art 138, we have 



a' d 




a" c" 




a'" c'" 




(fee. &C. 




We also have - = -. 
a e 




Taking tlie sum of equations (18), we liare 


o+a'+a"+«'"+<fec c+i/+r/'+&"+&<i. 



(18) 



(19) 
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Therefore, we liave 

Which shows, that if any number of qtumtities are proportional, 
the sum of all the antecedents will be to any one antecedent, as 
the sum of all the consequents is to its corresponding consequent 

(142.) If we have 



then we find 



a : c : : a' : c , 
a" : c" : : a'" 

a a^ 



(21) 
(22) 



Multipljing together the equations (21) and (22), we have 
a^a-_ a^^a'- 
cxc''^ &Xc"' ^ ' 

Therefore, by Art. 137, we have 

axa" : cxc" :: a'xa'" : c'xc"\ (24) 

Which shows, that if there be two sets of proportumal quantitieSy 
the products of the corresponding terms vnll be proportionaL 

(143.) A series of quantities which increase or decrease bj a 
constant multiplier, form a geometrical progression. When the 
series is increasing, that is, when the constant multiplier exceeds 
a unit^ it is called an ascending progression ; when decreasing, 
or when the constant multiplier is less than a unit, then it is 
called a descending progression. 

Thus, of tlie two series, 

1, 3, 9, 27, 81, 243, &C., (26) 

256, 128, 64, 32, 16, 8, ifec, (26) 

the first is an ascending progression, whose constant multiplier 
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or ratio is 3 ; the second is a descending progression, whose 
ratio is ^. 

(144.) If a is the first term of a geometrical progression, whose 
ratio =r, the successive terms will be 
a = first term, 
ar= second term, 
ar*=third term, 
ar'ss fourth term, 



(27) 



ar*"*=nth term. 
If we denote the last or nth term by /, we shall have 

l=,ar^K (28) 

If we represent the sum ofn terms of a geometrical progression 
by 8, we shall have 

8=:a+ar+a7*+ar^+ +af^^+a7^-\ (29) 

Multiplying all the terms of (29) by the ratio r, we have 

r8=ar+af^+at^+af^+ .... +a?*"*+ar*. (30) 
Subtracting (29) fi:om (30), we get 

(r-l)*=a(r--l). (31) 

Therefore, 

r ^ 1 "i 

(32) 



•="{&'! 



Any three of the quantities 

a=first term, 

r= ratio, 

n = number of terms, 

Z=last term, 

<=sum of all the terms, 
being given, the remaining two can be found, which, as in arith- 
metical progression, must give rise to 20 different formulas, as 
given in the following table for Geometrical Frogressiok. 
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No. 
1 
2 
8 

4 



Given. 



Requi- 
red. 



Formulas. 



Corr. 

9 
11 
12 
10 



a,r,n 
r,n,8 



r 
(r-l)«-i 



r»-l 



8 
9 

10 

11 
12 



a,r,n 



r, », Z 



r,n,8 

r, /, 8 
n^l, 8 



r-1 

n • 

~ 1 1 

i— '-a—' 
-(r-l)r-' 



2 

r»-l 
a=rZ— (r— 1)« 
a(g-a)«>"'-/(<--0*-^=0 



8 



13 
14 
16 
16 
17 
18 
19 
20 



a,n,8 

a, I, 8 
n, /, 8 



a, r, / 



-=(^)^ 



8 , 8-^a ^ 

»* r-\ =0 

a a 



r"- 



«-Z 



8-1 



log / -log a , 
logr 
^og [a+(y-l)']-log a 



log r 
log /-log g 



•+1 



"-log(«-a)-log(.-/) 
__ log/-log[rMf-l>]. , 
logr 



16 



14 



18 
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(145.) All the formulas of the above table are easily drawn 
fiK>m the conditions of (28) and (32), which conditions corre- 
spond with formulas (1) and (5), except the last four, which 
involve logarithms. 

If in a geometrical progression we change a to l, I to a^ and 

r to r"^ = -, the progression will remain the same as before, 

taken in a reverse order. These changes being made in the 
formulas of the preceding table, we shall discover that some ol 
the formulas, as in arithmetical progression, have correlative 
formulas. Those having correlative formulas have them referred 
to in the table, under column headed Corr» 

EXAMPLES. 

1. The first term of a geometrical progression is 5, the ratio 4, 
the number of terms is 9. What is the last term ? 

Formula (1), which is l=:ar*^ , ^ves 

/=6X4«=32'7680. 

2. The first term of a geometrical progression is 4, the ratio is 
8, the number of terms is 10. What is the sum of all the 
terms? 



Formula (6), which is s=-^ — — , gives 



«=:-A— — i =118096. 
2 

8. The last term of a geometrical progression is 106^^, the 
ratio is f , the number of terms 8. What is the first term ? 

Formnk (9), which is a=?— j-, gives 



Digitized by VjOOQIC 



192 ELBMBNIS OF AliGEBBA. 

' (146.) When the progresnon is desoending, the ratio is less 
than one, and if we suppose the series extended to an infinite 
nmnber of terms, the hst term may be taken ^=0, which causes 
formula (6) to become 

'=-1?:;' ^38) 

Which shows that the sum of an infinite number rf terms of a 
descending geometrical progression is equal to its first term^ 
divided by one diminished by the ratio, 

EXAMPLES. 

1. What is the sum of the infinite progression 
In this example a=:l, r=jt, and (83) becomes 

2. What is the value of 0.33333 &c^ or which is the same 
thing, of the infinite series tV+tI ir+TT?(nr+*^ ' 

* Here a=:y^, r=^, and (33) gives 

8. What is the value of 0.12121212 &c., or which is the 
In this example a=y\^, r=yj^, and (33) gives 

4. What is the sum of the infinite series 

l+*+t+^+A:+&c.? Ans. f 

6. What is the sum of the infinite series 

1+A+Tf5*<5.? Ans. \. 
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6. A person sowed a peck of wheat, and used the whole crop 
for seed the following year ; the produce of the 2d year again 
for seed the 3d year, and so on. I^ in the last year his crop is 
1048576 pecks, how many pecks did he raise in all, allowing 
the increase to have been in a four-fold ratio ? 

By formula 6. Ans. 1398101 pecks. 

Y. A king in India, named Sheran, wished, according to the 
Arabic author Asephad, that Sessa, the inventor of chess, should 
himself choose a reward. He requested the grains of wheat 
which arise when 1 is calculated for the first square of the 
board, 2 for the second square, 4 for the third, and so on ; reck- 
oning for each of the 64 squares of the board, twice as many 
grains as for the preceding. When it was calculated, to the as- 
tonishment of the king, it was found to be an enormous number. 
What was it ? By formula 6. 

Ans, 18446744073709651616 grains. 

HARMONICAL PROFORTIOK. 

(147.) Three quantities are in harmonical proportion, when 
the first has the same ratio to the third, as the difference be- 
tween the first and second has to the diflference between the 
second and third. 

Four quantities are in harmonical proportion, when the first 
has the same ratio to the fourth, as the* difference between the 
first and second has to the difference between the third and 
fourth. Thus, if 

a : c i: a— 6 : 6— c, (2) 

then will the three quantities a, 5, c, be in harmonical propor- 
tion. If 

aid:: a— 6 : c—d, (2) 

then also will the four quantities a, 6, c, and (^ be in harmo 
nical proportion: 

I 
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Muldplyiiig meanB and extremes of (1), ve have 

a6— ac=(w— 6c, (3) 

which by transposition becomes 

ab+bc=z2ac. (4) 

In a amilar way equation (2) gives 

ac+bd=z2ad. ' (5) 

Suppose O) 5, c» d, e, d^c, to be in hannonical {vogresfflon ; then 

from (4) we have 

bc+ab=z2ac ' 

<?rf+ 6c=2W 

de+cd=z2ce 
&c. 

Dividing the first of (6) by ahc, the second by bcd^ and the third 
by cde, &c^ we find 



(6) 



1 + 1 = ?-' 
a c 6 

1+1=? 

b d c 

i+i=a 



(7) 



From which we see that-, t, ~ j, -, <fcc., are in arithmetical 
a c a e 

progression. 

ffence, the reciprocals of any number of terms in harmonicat 
progression are in arithmetical progression ; and conversely , the 
reciprocals of the terms of any arithmetical progression must be 
in harmonical progression. 

The reciprocals of the arithmetical series 1, 2, 3, 4, 5, 6, are 
h h h h h h ^hose nmnerators, when reduced to a common 
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denominator, are 60, 30, 20, 15, 12, 10, which by the above 
property must be in harmonical progression. 

If six musical strings, of* equal tension and thickness, have 
their lengths in proportion to the above numbers, they will, when 
sounded together, produce more perfect harmony than could be 
produced by strings of different lengths ; and hence we see the 
propriety of calhng this kind of relation harmonical or musical 
proportion. 

If we take the arithmetical mean, the geometrical mean, and 
the harmonical mean, of any two numbers, these three means 
will be in geometrical proportion. 

Let a and b be any two numbers, then wiU * 

i(a + 6)= their arithmetical mean, 
y/ab= " geometrical " 

= " harmonical " 



a + b 
And we evidently have 

i(a+b) : y/ab : : y/ab : — --r. 
a-f-o 

That is, 

The geometrical mean^ between the arithmetical m^an and the 

Iiarmonical mean of two quantities, is the same as the geometrical 

mean of the quantities themselves. 
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CHAPTER VII. 
PROBLEMS GENERALIZED. 

(148.) Under Articles 67 and Y4 we have ^ven a few cases 
of the method of generalizing the solution of problems. We 
propose now to continue this subject 

Thus far, in most cases, we have made use of numerical values 
to represent the known quantities. Now it is obvious that if we 
use letters to represent these known quantities, our operations 
will be general, and of course applicable to all questions involv- 
ing similar conditions. 

Under this point of view, we see that Algebra furnishes us 
with concise and easy methods for determining general proposi- 
tions and rules of operation. 

To illustrate this, we will deduce some propositions involving 
two unknown quantities, x and y. 

Putting «j= their sum, and (?= their difference, we have 

a?+y=s. (1) 

x-y=zd. (2) 

Adding (2) to (1), we get 

2a:=*-t-rf, (3) 

Subtracting (2) from (1), we get 

2y=5-rf. (4) 

Dividing each member of (3) and (4) by 2, we obtain 

s-\-d 8 d , - 

^=z , or x= - + - =greater number. 

8-^d s d . - 

yac — r—, or y= - — - =less number. 
2 2 2 
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Translating these results into common langoage, we have the 
following 

PROPOSITION. 

Half the difference of two quantities^ added to half their sum, 
is equal to the greater. 

Half the difference of two qicantities, subtracted from half 
their sum, is equal to the less. 

Again, if we take the squares of (1) and (2), we shall have 

a^+2«y+3^=»', (6) 

ic*-2a:y+y«=rf«. (6) 

These give the following 

PROPOSITIONS. 

/. The square of the sum of two quantities is equivalent to 
the square of the greater, plus twice the product of both, plus the 
square of the less. 

IL The square of the difference of two quantities is equiva- 
lent to the square of the greater, minus twice the product of both, 
plus the square of the less. 

These two propositions have already been noticed under 
Art. 2Y. 

Subtracting (6) from (6), we find 

This result translated into common language gives this 

PROPOSITION. 

Four times the product of any two numbers, is equcU to the 
square of their sum, diminished by the square of their difference. 
Again, equations (5) and (6) by transposition give 

ic«+y«=»"~2a:y, (7) 

a!«4-y'=(?'+2«y. (8) 
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Equations (1) and (8) are equivalent respectively to these two 

PROPOSITIONS. 

/. The sum of the squares of two quantities, is equal to the 
square of their sum, diminished hy twice their product. 

II, The sum of the squares of two quantities, is equal to the 
square of their difference, increased by tunce their product. 

Example 4, Art 44 ; examples 6 and 11, Ail 46 ; example *J, 
Art 47; and example 4, Art 48, give the following exgre&- 
sions: 

(1) ^^zm^ + tf-^-my, 

^ ' m—y 



(8) 



a'+y 



1 + 1 . 


2x 


x—y x+y 


-x'-f 


1 1 


2y 


«-y «+y 


-^-y'- 


a+b a—b 


a'-b' 


2 ^^ 2 - 


~ 4 ■ 



w 



If we translate these five expressions, we shall obtain the fol- 
lowing general 

PROPOSITIONS. 

/. The difference-^f the cubes of two quantities, divided by 
their difference, is eqvxd to the sum of their squares, increased by 
their product, 

II. The square of half the sum of two quantities, increased 
by the square of half their difference, is equal to half the sum 
of thdr squares, 

III, The reciprocal of the difference of two quantities, inn 
creased by the reciprocal of their sum, is equal to tuoice the 
greater quantity divided by the difference of their squares. 
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IV. The reciprocal of the difference of two quantities^ dimin^ 
ished by the reciprocal of their sum^ is equal to twice the smaller 
quantity divided by the difference of their squares. 

V, Half the sum of two quantities, multiplied by half their 
difference, is equal to one-fourth of the difference of their squares. 

(149.) From this W8 conclude that equations are only concise 
expressions for general propositions. 

We will now generalize a few examples, for the purpose of de- 
ducing the Arithmetical Rule for Fellowship. 

EXAMPLES. 

1. Divide the number a into two such parts, that the first 
shall be to the second as m to ti. 

Let -j \ represent the two parts, which are obviously in 

ratio of m to n. 

Hence we have this condition, 

ma+nx^=a. 

Dividing both members by (wi-|-«),we find 

a 

mid m 



nxz=- 



m+n m-\-n 
na n 



m-{-n m-\-n 
2. Divide the number a into three parts, which shall be to 
each other respectively as w, n, and p. 



l;i 



Assume, •{ no; V for the parts. 
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Taking the sum, we have 

mx+nx+px=a, 



and x=z ' 



Consequently, 

ma m 

mx^^ = — — - X CL 

m+n+p m+n+p 

na n 

nX=z ; --= ; r— XO 

pa p 

m-i-n+p m-\-n'f'P 
From these examples we readily discover ho^ x> proceed for 
a greater number of parts. 
The above leads to the following example : 

3. To divide a number into three parts, wSASL shall be to 
each other in the ratio of three numbers. 

RULE. 

Fortn three fractions having for their numerators the respec- 
tive numbers^ and a common denominator equal to their sum. 
These fra^itions multiplied hy the given number will give the 
respective parts sought. 

As an example, let us solve this question : 

4. A., B., and C. enter into partnership. A. furnished $180, 
B. $240, and C. $480. They gained $300. What is each 
one's part of the gain ? 

180+240+480=900=the common denominator. 
180 



900' ~* 
240 _ ^ 
900 """ 
480 _ g 
900 —" 



equal to the fractional parts of the gain which 
each receives. 
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Hence, A. must have | of $300= $60 

B. " " T^of$300= $80 

C. « « j8yof$300=$160 

$800 verification. 

From this we discover that these general solutions lead im- 
mediately to the arithmetical rule for Fellowship. 

(150.) We will now proceed to show how easy a thing it is 
to deduce the usual rules of simple interest by means of algebraic 
operations. 

In our operations we shall use the following notation : 

^=the principal. 

r=the rate per cent., or the interest of $1 for one year. 

w=the number of years the principal is on interest 

a=th6 amount 

Then it is obvious that we shall have 

rp=the interest of $p for one year at r per cent (1) 
nrp=ihB interest of $p for » yeais at r per cent (2) 

Hence we have this condition, 

P'\-nrp=a, (3) 

Dividing both members of (3) by 1 +nr, we have 

Equation (3) also readily gives 

r=^, (5) 

np ^ ^ 

«=^. (6) 

rp 

•R.guATtg. — yfhen, the time is not an even number of years, wo must 
reduce the months and days, if any, to the proper fractional i>art of a 

T* 
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jear. Tliufl, 8 yean and 8 months is the same as as 8^ years. 8 yeare 
8 months and 8 days, is the same as (8 + r + Tiir)=^AV 7^^^ -^d 
BO on for other fractional parts of a year. 

The rate per cent, is always a decimal. 

Thus at 8 per cent r becomes 0.08, 
a 4 « u u Q04^ 

" 6 " " " 0.06, 

" 6 " " " 0.06, 

a Y " ** " O.OY. 
We will now translate these equations. 

EQUATION (1). 

TIte interest of a given sum for one year is equal to the prin- 
cipal multiplied by the rate per cent. 

EQUATION (2). 

The interest of a given sum for any given tim^ is equal to the 
interest for one year multiplied by the number of years. 

EQUATION (3). 

The amount of a given sum for a given tiwje at a given rate 
per cent, is equal to the interest added to the principal, 

EQUATION (4). 

The principal is equal to the amount divided by the amount 
of $1 for the sam>e time and at the. same rate per cent. 

EQUATION (5). 

2%e rate per cent, is equal to the interest of the given princi" 
pal for the given time and the rate per cent, divided by the in- 
terest of the same principal for the same time at one per cent. 

EQUATION (6). 

The number of years is equal to the interest of the given prin- 
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upoHfor the given time and rate per cent^ divided by the inter- 
est of the same principal at the same rate per cent, for one year. 

(161.) The next two examples give several symmetrical ex- 
pressions possessing considerable interest. 

5. A cistern can be filled by three pipes ; the first can fill it 
in a hours, the second in b hours, the third in c hours. In what 
time will the cistern be filled when all three pipes are open at 
once? 

Let a:=the time sought 

Now since the first can fill it in a hours, it can fill - part in 
one hour. 

In the same way we see that the second can fill -=- part in 1 hour. 

The third can fill - part in one hour. 
c ^ 

All together will fill I - + - + - 1 part in one hour. 

But by supposition they can all fill - part in one hour. 
Hence, we have this condition, 

That is. The reciprocal of the joint time is equal to the sum 
of the reciprocals of the individual times. 



This equation readily gives 
1 



\^i-i 



p) 



Sence the joint time is equal to the reciprocal of the sum of 
the reciprocals of the individual times. 
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Condition (2) readily takes this fomiy 
_ abc 
^''bc+ac-\-ab' ^^ 

Translating this expression, it becomes, 

Divide the continued product of the respective times which 
each alone requires, by the sum of their products taken two at 
a time, and the quotient will give the joint tim£» 

BxxABX. — If one of the pipea^ the first for example, instead of assist- 
ing the others to fill the dstem, was constantly drawing o£f from it, 
then all that would be necessary to do, so that formula (2) should be 
tnie^ woold be to change the sign of a. Making this change in (2), 
we get 

a c 
When - is less than r+-i the value of a? ispositive. 

When - is greater than r + -y the value of « is negcUive. 

When -^ r- + -, the value of a? is infinite. That is, in thu 
a b c *^ ' 

last case the first pipe discharges just as fiist as the two others 

supply. Consequently, the cistern can never become full 

By using a negative exponent to denote the reciprocal, Art 

84, equation (1) becomes 

sryz^ar^+b-^+cK (5) 

Similarly, (4) becomes 

''= _,-.+6-.+c-' <«) 

We will take another example of symmetrical equations, the 
solution of which will be found to bear much likeness to the so- 
lution of Prob. 3, Art. 120. 
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xyz 
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-——=6, y to find a?, y, and 2. 
L^+a;" 



Taking the reciprocals of each member of these 

hjLVA 


equations, we 


a?+y 1 
xyz a' 




y+« 1 
xyz V 




z+x 1 




a;yg c 




Dividing; the nmnerator and denominator of the left-hand 


members of each, we finally obtain 




yz zx a' 


0) 


1+1-1 

zx xy b^ 


(2) 


xy yz c 


%) 



Taking half the sum of these three equations, we have 
Subtracting fi«om (4) successively (1), (2), and (3), we find 
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Taking the continued product of (5), (6), and (7), we have 

Dividing (8) by the square of (6), we have 

ijJrttMzhhi). 



i+H 



(») 



Reciprocating (9), and extracting the square root, we find 



x=zt-i 



-.1+1+1 



[i{-W,^l)(-W,-7)\ 



By p«nnutmg, we find from (10), 



4 



1 1 1 

cab 



i{-y,-;)H-hi)\ 



1.1 1 

-Z+f+7 



Reducing these to the ordinary form, we have 

— -t i 2abe{ah+bc ^ca) ] 

"" ( (ab^bc+ca) (bc+ca—ah) f 

_ , j 2bca{bc + ca^(ib) \ 
^■" t {bc-ca+ab){ca+<d>-bc) ) ' 

_ . ( 2cab{ca+ab'-bc ) )^ 

^~ ( (ca— a6+6c) (ab + bc—ca) ) ' 



(10) 



(11) 



(12) 
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Referring to equations (8), (9), and (10), of Prob. 3, Art 120, 
we see that if all the letters a, b, c, x, y, and z, are reciprocated, 
they will agree with equations (5), (6), and (7), of this Problem. 

Having discovered this ^elation, we could at once deduce the 
final expressions for Xj y, and z, from those given in the Prob- 
lem already referred to. 

Before taking leave of this beautiful Problem, we wiU unite 
equations (6), (6), and (7), by the aid of the negative exponent. 
They become as follows : 

r->a;-»=2-»(-c-» +a-»+5'»). 

This same method of denoting a reciprocal might be used in 
other similar circumstances, as in equations (1), (2), (3), and 
in (4), &c 

We will add one more example, which will be useful to illus- 
trate the negative sign. 

Y. A.'s age is a years, B.'s age is b years. When will A. be 
twice as old as B ? 

Let a; = the time sought. 
At the end of x years, 

A. will be a-^-x years old. 

B. will be 6+ a? years old. 
Hence, we must have this condition, 

a+«=2(6+4 (1) 

This reduced, gives 

«=a— 26. (2) 

From this we see that A.'s age must, at this present time, ex- 
ceed twice B.V age, in order that x may be positive. 

K A.'s age is now less than twice B.'s age, then x will be 
negative, and the time sought is not future, but past time. 
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As an illustxation, suppose A. is now 30 yeara dd, and B. is 
ten years old. In this case, 

a;=a— 26=30— 20=10. 

wMch shows that 10 years from now A. will be twice as old as B. 
If A. is now 30 years old, and B. is 20 years old, then 
a;=a— 26=30— 40= — 10, 

which shows that 10 years ago A. was twice as old as B* 
was then. 

ELIMINATION BT INDETERMINATE MULTIPUEBS. 

(152.) Suppose we wish to find x and y from the equations 

2a:+3y=13, (1) 

6aj+4y=22. (2) 

Multiplying (1) by «i, we find 

2ma;+3my=13m. (3) 

Adding (2) and (3), we have 

(2m + 6)«+(3m+4)y=13m+22. (4) 

This expression must be true for any value of m. K the co- 
efficient of y, 3m +4, be assumed equal to zero, y will disappear 
from (4), and we shall have 3ffi+4=0, or m=— |. And 
equation (4) will give 

_ 13m+22 
*"" 2w+6 "" • 
Again, if we had assumed 2w+6=0, which would have ^ven 

m=-|, (6) 

then equation (4) would have become 

13W+22 ^ ,^, 
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Now, returning to our former eqtiations, we will subtract (2) 
from (3) ; we thus obtain 

(2m— 5)a?+(3m— 4)y=13wi— 22. (7) 

Assume 3w— 4=0, which gives 

m=f (8) 

This value of m causes C?) to become 

. 13m— 22 



(9) 



Again, assume 2m— 5=0, which gives 



m= 



6 



This causes (7) to become 



13m— 22 ^ „ - 

These values of x and y are the same as just found. 

It is evident that had we multiplied (2) by m and then added, 
or subtracted the result from (1), we should then have found, in 
a similar manner, the same values for x and y, 

(163.) We will now apply this method to the two literal 
equations, 

X,x^-T,y=A,, (1) 

X^+T^=A^. (2) 

In these equations the capital letters are supposed to be 
known, and their subscript numerals indicate the equation to 
which they belong. Thus, 

Xg is the coefficient of x in the second equation. 

Yi is the coeffident of y in the first equation. 

Ai is the absolute term, or the term independent of x and y 
in tho see jnd equation. 
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RetDrning to oar eqaationa, we will multiply (1) by m and 
add the result to (2) ; we thus obtain 

(X,m+X,)«+(F»m+ F,)y=ui,m+^,. (3) 

Now, assume Yim-\- 1^1=0, which gives 

«- ^' 

This causes (3) to become 

(X,m+X,)a:=jd,»»+^ (6) 

vhich gives immediately 

__ A,m+A _ J,F.-J.r. . 

X,TO+2r,~X,F.-X,F,* ^' 

Assume X|m+X|=0, wluch gives 

Hub value of m causes (3) to become 

_ Ajin+At _ AtXi—A,Xt 
y- T>+ r, - X, F.-J^- 

Hence, the values of x and y are 

^_AI\-AjY,' 
'- X,F.-X.F,' 



"- X,F.-X.F,' 



(7) 
(8) 

(») 



These values of x and y may be considered as comprising the 
solution of all simple equations combining only two unknown 
quantities. 

By carefully examining these general expressions, in connec* 
tion with the primitive equations, we see that the values of a; and 
y appear in a fractional form, having a common denominator, 
which denominator consists of the product of the coefficient of x^ 
in the first equation, into the coefSdent of y, in the second 
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equation ; diminished by the product of the coefficient of x, in 
the second equation, into Ihe coefficient of y, in the first 
equation. 

That the numerator of the expression for the value of a; is de- 
rived from the common denominator, by changing the coefficients 
of X into the absolute terms. 

The numerator of the expression for the value of y, is derived 
from the common denominator, by changing the coefficients of y 
into the absolute terms. 

Hence, the solution of two simple equations may be obtained 
•by the following 

RULE. 

The values of x and y will take a fracticmal form, having a 
common denominator, which common denominator may be found 
by multiplying the coefficient of x, in the first equation, into the 
coefficient ofy, in the second equation; and subtracting the pro- 
duct of the coefficient of x, in the second equation, into the co- 
efficient ofy, in the first equation. If we conceive the absolute 
terms to occupy the places of the coefficients of x, and then re- 
peat the above operation, we shall obtain the numerator for the 
value of X, 

For the numerator of the value ofy, we must conceive the ab- 
solute terms to occupy the places of the coefficients ofy, and then 
multiply as before, 

EXAMPLES. 

iSx+2y=:12, 
• (4a;+5y=23. 

dX S— 4X 2= 7= common denominator, 
12X 6—23 X 2=14=numeratorof «, 
3X23— 4X12=21= " « y. 
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Hence, «=V=2, 

j 3a;-6y= 6, 
"*' |4a;-2y=16. 
3 X _ 2— 4 X — 5=14=coimnon denominator. 
5X— 2— 16x— 6='70=numerator of «, 
8X 16- 4 X 6=28= " " y. 
Hence, a;r=}J=6, 

y=H=2. 

J -4a;+6y=: Y, 
^- I 2a;-3y=-6. 

_4 X —3 — 2 X 6 =2=conimon denominator, 

7 X — 3— (— 6) X 6=4=numerator of «, 
-4X-5- 2X'7=6= " « y. 

Hence, a;=|=2, 

y=f=3. 



( -4«+6y= 23, 
I 2«-3y=-13. 



_4X 3 2X 5= 2= common denominator 

23 X— 3— (— 13)X 5=— 4=numeratorof a?, 
-4X-13- 2X23= 6= " " y. 

Hence, a;=::^=— 2, 

y=f=3. 

( 4.-3y= 5 ) ^^ j .=2, 

I3a;+4y=10 ) 1^=1. 

i 6.-5y=13 ) ^^ ( a:=3, 

^' t5:c+6y=2lf- (y=l. 

|3«- y=ll) ly=l. 
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Ana, 



Xz= 



y= 



\hx+ 



y= 



Ans, 



1— a 



( « + ffy=l ) 



y= 



1-6 



(154.) As a still fai'ther illustration of the method of eUmina- 
tion by means of indeterminate midtipliers, we will proceed to 
the solution of three simultaneous simple equations, involving 
three unknown quantities, ar, y, and z. 

And we will continue to make use of the notation by the as- 
sistance of subscript numbers. 

Let the equations be as follows : 

ir,ar+F»y-hZi2=Ji, (1) 

X^-\-T^-\-Z^=A^, (2) 

X^-\'T,y-\-Z,z^A,. (3) 

In these equations, as in those of the last example, the capital 
letters^ X, P*, Z, are the coefficients of their corresponding small 
letters. The small numerals placed at the base of these coeffi- 
cients correspond to the particular equation to which they be- 
long. Thus X^ is the coefficient of x in the second equation ; 
Yi is the coefficient of y in the third equation ; Z^ is the co- 
efficient of z in the first equation, and so for the other coeffi- 
cients. The letter A is used to denote the right-hand members 
of the equations, or the absolute terms ; the subscript numbers 
in this case also denote the equation to which they belong. 

This kind of notation, by use of subscript numbers, is very 
natural and simple, and combines many advantages over the or 
dinary methods. 
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Having explained this method of notation, we will now pro- 
ceed to the solution of our equations. 

If we multiply (1) by m, and (2) by n, and then add ihe re- 
sults, we shall obtain 

From (4) subtracting (3), we find 

(X,m+X,w--X,)a;+(r;m+ r^/i- r,)y ) 

In order to cause y and z to vanish from this equation, we will 
assume 

y,m+rin=r„ (6) 

Zim+Zj,n=Z3. (7) 

This assumption causes (5) to become 

{X^m+X^n--X^)x=zA^m+A^n—Ai. (8) 

By Rule under Art. 163, we obtain, from (6) and (7), the 
values of m and n as follows : 






(10) 



YiZi — YiZi 

Substituting these values of m and n in (9), we find, after a 
little reduction, 

JSTj Fg-^a — -^i YA'\'Xi YiZ^ —Xi YiZi-^-X^ Y^Zi — X^ Y^Z^ 
If we change the signs of all the terms of the numerator and de- 
nominator, and make a slight change in their arrangement, we 
shall have 

A .Y.Z.-^A^Y^A'A.Y.Z^-A.Y^^-A^Y.Z^-A.YJ^, 
"^.V YZ-\-X Y,Z.+AsTiZ2-XiY»Z,-X,YiZt-^zy^z: ^**^ 
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By a similar process we shall find the values of y and z^ as below : 

'^ XiYA+X^Y^,+X,Y,Z,--X,Y^^-X^Y,Z,^XsY^, ^' ' 

X,Y^,+X^Y^,+X,YiA^--'X,Y,A^^X,Y,A^'^X,Y^A, 



X^Y^,+X^Y^,+X,Y,Z,-^X,Y^2 -X^YA -X^Y^^ ' 



(15) 



(165.) We will now proceed to point out some remarkable 
relations in the combinations of the subscript numbers, as ^ven 
by equations (13), (14), and (16). 

L The denominator, which is common to the three expres- 
sions, is composed of six distinct products, each consisting of 
three independent factors. Three of these products are positive, 
and three are negative. 

n. The letters forming the different products of this common 
denominator being always arranged in alphabetical order, X, P", 
Z, we remark that the subscript numbers of the first product are 
1, 2, 3. Now, if we add a unit to each of these niunbers, ob- 
serving that when the sum becomes 4 to substitute 1, we shall 
obtam 2, 3, 1, which are the subscript numbers of the second 
product. Again, increasing each of these by 1, observing as 
before to write 1 when the sum becomes 4, we find 3, 1, 2, 
which are the subscript numbers of the third product K we 
increase each of these last numbers by 1, observing the same 
law, we shall obtain 1, 2, 3, which are the subscript numbeiB 
belonging to the first product A similar method of changmg 
has already, been noticed under Art. 74. 

What we have said in regard to the; subscript numbers of the 
positive products, applies equally well in respect to the negative 
products. 

in. The numerator of the expression for a;, may be derived 
from the con[imon denominator by simply substituting A for X, 
observing to retain the same subscript numbers. 

The numerator of the expression for y may be derived from 



Digitized by LjOOQIC 



216 BLBUBNTS Off ALGBBBA. 

the common denominator by substituting A for Y, observing to 
retain the same subscript numbers. 

In the same way may the numerator of the expression for z be 
found by changing Z of the denominator into A^ retaining the 
same subscript numbers. 

(166.) We will now proceed to show how these expressions, 
for X, y, and z, can be obtained by a very simple and novel pro- 
cess, which is easily retained in the memory, and which is ap- 
plicable to all simple equations involving only three unknown 
quantities. 

Writing the coeflScients and the absolute terms in the same 
order as they are now placed in equations (1), (2), (3), we have 

-^i ^1 ^i = Ai, j 

X, F, Z, = A, \ {A) 

X, F, Z, = J,. ) 

Now all the products of the common denominator can be 
found by multiplying together by threes, the coefficients which 
are found by passing obliquely from the left to the right, observ- 
ing that if the products obtained by passing obliquely downwards, 
are taken positively, then those formed by passing obliquely up- 
wards must be taken negatively, and cohversely. This is in 
accordance with the property of the negative sign. (See Art 
17.) In the present case the products formed by passing oblique- 
ly downwards, are taken positive. 

In this sort of checker-board movement, we must observe that 
when we run out at the bottom of any column, we must pass to 
the top of the same column ; and when we run out at the top, 
we must pass to the bottom of the same column. 

This method is most readily performed upon the blackboard, 
by drawing oblique lines connecting the successive fectors of the 
different products. 

We will trace out this sort of oblique movement. 
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Commencing with X,, we pass obliquely downwards to F„ 
and thence to Z3, and thus obtain the positive product of 

Commencing with Xj, we pass obliquely downwards to P", ; 
and since we have now run out with the column of Z's at the 
bottom, we pass to Z,, at the top of the column, and thus obtftin 
the positive product XjI^iZ,. 

Again, commencing with JT,, we pass to F"„ and thence 
obliquely downwards to Zo, and find the positive product 
X3 IiZg. 

Now, for the negative products we make similar movements 
obhquely upwards. 

Thus, commencing with Xi, we pass to Fi, and thence oblique- 
ly upwards to Z,, and find the negative product X^ Y^Z^, 

Commencing with Xj, we pass obliquely upwards to Fi, and 
thence to Z„ and find the negative product XjFiZa. 

Again, commencing with X|, we pass obliquely upwards to Y^ 
and thence to Zi, and thus obtain the negative product XiY^Zi. 

Having thus obtained the denominator which is commoa to 
the values of x^ y, 0, we may find the numerator of the value of 
X, by supposing the u4's to take the place of the Xs, and then 
to repeat our checker-board movement. By changing the F^s 
into the ^'s, we shall find the numerator of the value of y ; and 
by changing the Z^s into A\ we shall find the numerator of 
the value of z. 

(157.) We will now illustrate this method of solving simple 
equations containing only three unknown quantities, by a few 
examples. 

f2a;+3y-H42:=16, \ 
3a;-|-5y+72=26, V to find x, y, and z. 
4a; -|-2y+ 32=19,) 

We wiU first find the common denominator. 

K 
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POBITIVB PRODUCTS. KEOATIVS PRODUCTS. 

2X6X3=30 2X2X'7=-28 

3X2X4=24 3X3X3=— 27 

4X3X'?=84 4X5X4=-80 

138 —135 

-135 

3 = common denominator. 

We have for the numerator of x the following operation : 

POSITIVE PRODUCTS. NEGATIVE PRODUCTS. 

16X6X3=240 16X2X'!r=— 224 

26X2X4=208 26X3X3 = -234 

19X3X'7=399 19X6X4=— 380 

847 -838 

-838 



9= numerator, for x. 
To find the numerator for y, we have 

POSITIVE PRODUCTS. NEGATIVE PRODUCTS. 

2X26X3=166 2x19x7=— 266 

3 X 19 X 4=228 3 X 16 X 3= —144 

4X16X7=448 4X26X4= -416 

832 —826 

—826 



6= numerator, for y. 
To find the numerator for z we have 



POSITIVE PRODUCTS. 

2X6X19=190 
3x2x16= 96 
4X3X26=312 


598 
—595 



NEGATIVE PRODUCTS. 

2X2X26= — 104 
3X3X19=-171 
4x5x16 =— 320 



— 595 
3= numerator, for z. 
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Hence, r = f = 3. 

y = f = 2. 
« = f = 1. 

When some of the coeflScients are negative, we must observe 
the rule for the multiplication of signs. 

|2a?+4y— 32=22, ) 
4x—2t/+5z=18, V to find x, y, and z. 
6ar+7y- 2=63, ) 
To find the common denominator, we have 

POSITIVE PRODUCTS. NEGATIVE PRODUCTS. 

2X— 2X— 1= 4 2X 1X 5z=—10 

4X 7x-3 = -84 4X 4X-1= 16 

6X 4X 6= 120 6X~2X— 3 = — 36 



40 


— 90 


— 90 




— 50— common denominator. 


For the numerator of x, we have 




POSITIVE PRODUCTS. 


NEGATIVE PRODUCTS. 


22X— 2X— 1= 44 


22x 1x 6 = — 770 


18X Yx— 3 = -378 


18X 4X-1= 12 


63 X 4x 5= 1260 


63X— 2X— 3 = — 378 


926 


— 1076 


-10'76 




— 150= numerator, for x 


Hence x= r-=3. 





-60 
Pioceeding in a similar way we find the values of y and «. 

3. Given } y+^2=a, (. to find x, y, and z. 
( aH-|ar=o, ) 
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We will arrange the coefficients, omitting the unknown quan- 
titles, observing also to write for such terms as are wanting. 

This arrangement being made, we have 
1 ^ = a 

1 J = a 
} 1 = a 

POSITIVE PRODUCTS. NEGATIVE PRODUCTS. 

1X1X1=1 1X0X^=0 

0X0X0=0 0X^X1=0 

JxJxJ=5^j JXlXO=0 

^^ = common denominator. 

For the numerator of x, we have 

POSITIVE PRODUCTS. NEGATIVE PRODUCTS. 

aXlXl= a aXOxJ= 

axOxO= aXiXl = — ^ 

axiXi=ia axlXO= 

fa=numerator, for x. 
Hence, * x=^a-i-^{==^a. 

By a similar process is the value of y and z found. 

Ix+a{]/+z)=m, \ 
7/+b{x+z)z=nj V to find ar, y, andz. 
z+c{x+y)=p, ) 

These coefficients, being properly arranged, give 

1 a a = m 
ft 1 6 T= n 

C C I := p 
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POSirrVK PRODUCTS. NEGATIVE PRODUCTS. 

1X1X1= 1 lXcXh:='-hc 

bXcXa=abc ^ 6XaXl = — o^ 

cX(^Xb=abc cXlXa=— oc 

l+2abc —ab-^ac — be 
— ab — ac-^bc 



1 H- 2abc —ab—ac^bc^^. common denominator. 
For the numerator of a?, we have 

POSITIVE PRODUCTS. NEGATIVE PRODUCTS. 

?»X1X1= w mxcxft = — ftcm 

n XcX(^=Q'Cn »XaXl = — «» 

pXaXh^abp pXlXa = — ap 

m-^-acn+abp —bcm—an—ap 
--bcm—an—ap 



m + acn + ahp — bcm —an—apz^ numerator of x. 
m+acn-habp^bcm—an—ap 



Hence, x=- 



1 -{-^abc—ab—ac—bc 



In a similar way may the values of y and z be found. Or, the 
values of y and z may be at once drawn from this value of x 
by permutation, since the primitive equations are symmetrical, 
Art 73. 

This solution is much shorter than by the ordinary methods 
of elimination. 

6. A., B., and C. owe together (a) $2190, and none of them 
can alone pay this sum ; but when they unite, it can be done in 
the following ways : first, by B.'s putting |- of his property to 
all of A.'s ; secondly, by C.'s putting | of his property to all of 
B.'s ; or by A.'s putting f of his property to all of C.'s. How 
much was each worth ? 
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Let Xj y, and z represent what A^ B., and 0. were respective- 
Ij worth. 
Then we shall have these conditions : 

a;+fy=a, 
y+f2=a, 

Clearing these of fractions, and arranging the coefficients, we have 

7 3 = Ya 
9 6 = 9a 
2 3 = 3a 

POSrnVB PRODUCTS. NEGATIVE PRODUCTS. 

7x9x3=189 7X0X5=0 

0x0x0= 0X3X3=0 

2X3X6= 30 2X9X0=0 " 



219=common denominator. 

For the numerator of a?, we have 

POSITIVE PRODUCTS. NEGATIVE PRODUCTS. 

7ax9x3 = 189a 7axOx6= 

9ax0x0= 9ax3x3 = — 81a 

3aX3X5= 45a 3ax9x0= 0. 



234a —81a 

—81a 



153a=numerator of a?. 

_ 153a 153X2190 ,^^^ 

Hence, a;=--— -= ' ^.^ =1630. 

' 219 219 
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For the numerator of y, we find 



POSITIVE PRODUCTS. 

')rx9aX3=189a 
0X3aX0= 
2X'7aX6= lOa 


NEGATIVE PRODUCTS. 

'7X3aX5 = — 106a 
0X'7aX3= 
2X9axO= 


259a 
-106a 


-105a 



164a=numerator of y. 
= 1640. 

For the numerator of z, we have 



__ 164a ,^,^ 

Hence, y=-^^=1640. 



POSITIVE PRODUCTS. 


NEGATIVE PRODUCTS 


7X9X30= 189a 


7xOx9a= 


OxOx7a= 


x 3 X 3a= 


2x3x9a= 54a 


2x9x'7a= — 126a 


243a 


—126a 


-126a 




ll'7a= 


mumerator of 2f. 


219 





Collecting the results, we find that 

A. was worth 11530. 

B. " 11640. 

C. " 11170. 

The student will find, after a little practice in this method, 
that it is much mo e simple than would at first sight seem. 

Whenever some of the coefficients are zeros, as in the 8d and 
5th examples, the work is much abridged, as in this case some 
of the products must become zero. 
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CHAPTER VIII. 
MISCELLANEOUS SUBJECTS. 

PROPERTIES OF NUMBERS. 

(158.) Suppose the number J7 to be of the following form: 

If in this formula we suppose r=10, and each of the numbers 
Oq, ai,a2, a„ a, to be less than r=10, then the above num- 
ber will be expressed according to our decimal system of notation. 

Thus the above formula, when adapted to the number 3*7854, 

gives 

37854=4+5.10+8.10«+Y.10'+3.10\ 

In this way all whole numbers may be represented by formula 
(A), where r denotes the base of the particular system of nota- 
tion, and Oo, Oi, Os, Of, .... a. are the respective digits, counting 
from the right hand towards the left 

(159.) We will make use of the symbol S^ to denote the sum 
of all the digits ; we will also represent the sum of the digits 
occupying the odd places, counting from the right hand towards 
the left, by S,mi and the sum of the even digits by S„^, 

Our formula (A) is readily changed into 

Now each of the expressions r— 1, r*— 1, r'— 1, andr"— 1, 
is divisible by r — 1. Hence, if the sum of the digits is divisible 
by r— 1, then will the number be divisible by r— 1 ; and what- 
ever remainder is found by dividing S^, the same remainder will 
be found by dividing iV. 
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If we take tlie number 3456, expressed in the decimal scale, 
we find /Srf=20, which divided by 9 will give 2 remainder, and 
this is the same remainder as found by dividing 3468 by 9. 

If we take the number 3456, we find that /S'rf=18 is divisible 
by 9, and consequently 3456 is also divisible by 9. The same 
is true of the 24 numbers found by permuting these four digits ; 
thus, 



3456 ; 3466 
4356 ; 4365 
5346; 5364 
6345; 6364 



3546 ; 3564 ; 3645 ; 3654. 
4536; 4563; 4635; 4653. 
5436 ; 5463 ; 5634 ; 5643. 
6435 ; 6453 ; 6534 ; 6543. 



(160.) Hencej in general, whatever remainder is found by di^ 
viding the sum of the digits of any number by 9, the same re- 
mmnder will be found by dividing the number itself by 9. 

(161.) If two numbers are composed of the sam£ digits taken 
in a different order, their difference will always be divisible by 9, 

For the divisibility of any number by 9, we have seen, de- 
pends upon the divisibility of the sum of its digits. Hence the 
difference of two numbers composed of the same digits must of 
necessity be divisible by 9. 

(162.) What has been said in reference to the digit 9, is ap- 
plicable to the digit 3, since 3 is a divisor of 9. 

(163.) Foftnula {A) can readily be made to assume this form : 
iV^=^««-'S^c.^+ai(r + l)+«,(r»-l) + a3(r' + l)+,&c. 

Now each of the expressions r+1, r*— 1, r'+l, <fec., is divisi- 
ble by r+l. 

Hence, in the^decimal notation, we know that if S^^—S^^ is 
divisible by 11, then will the number be divisible by 11. 

Thus, in the number 968341, we have 5oai=10, ^^,==21 ; 
consequently S^— 8,^= — 1 1. Therefore the number 968341 
is divisible by 11. 

K* 
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(164.) From the geneTality of fonnula (A), we see that there 
are analogous properties for each system of notation. 

(165.) Suppose we wish to transform any given number ex- 
pressed in the common arithmetical scale, into another number 
of the same value, having for the radix r, and having a^, a^, a,, a,, 
(kc, for digits ; that is, let it be required to put iV into the par- 
ticular form as expressed by formula (A). 

If we divide each member of (A) by r, we shall obtain the re- 
mainder Oq ; that is, iV divided by r will give the remainder Oq , 
dividing again by r, and we get the remainder a^ ; again, di-' 
viding by r, we find a, for remainder, and so on. Hence we 
have this 

. RULK 

Divide the number by the base of the new scale, and write the 
remainder as the unites digit sought ; divide the quotient by the 
base again^ and write the remainder as the digit next the unites 
place ; proceed in this way till a quotient is obtained less than 
the base : this quotient is the digit of the highest order in the 
number in its new form. Whenever there is no remainder, is 
the corresponding digit. 

EXAMPLES. 

1. Represent the number 2931 in the scale whose base is 8. 
Following the rule, we have this 

OPEBATION. 

8 



2931 

366 - - - - 3= first remainder=ao, 
45 - - - . 6 = second remainder =ai. 



a|=6 6= third remainder =03. 

Hence, 2931 = 5.8» + 5.8*+6.8 + 3. 

Now, if it be understood that the digits increase in an eight- 
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fold ratio from the right hand towards the left, it may be writr 
ten 6563. 

2. Convert 3714 into an equivalent number having 4 for the 
base. 





3714 


OPEBATION. 




928 - . 


- - - 2=first remainder=ao, 




232 - 


- - - = second remainder =a, 




58 - 


- - - 0= third remainder =as, 




14 - • 


- - - 2=fourth remainder=a„ 




a,= 3 - ■ 


■ - - 2— fifth remainders a4. 



Hence, if we consider the digits as increasing in a four-fold 
ratio, our number will become 

322002. 

(166.) To reduce a number fi:om any other scale into the de- 
cimal, we have this 

RULE. 

Multiply the digit farthest to the left by the base of the scale 
in which the number is expressed, and add the next digit to the 
product ; multiply the sum again by the base, and add the third 
digit ; proceed in this way till the units digit is added : the 
result is the number in the decimal scale. This rule is evidently 
the converse of the last rule, 

EXAMPLE. 

Let 3465 be a number expressed in the scale whose base is 
9 : it is required to express it in the decimal seale^ 
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opebahon. 
3465 
9 

31 =3X9+4, 
9 



286 =31X9+6, 
9 

2670=285X9+5. 

Hence, 2570 is the number sought. 



CONVERSION OF RBPBTENDS INTO VULGAR FRACTIONS. 

(167.) We will commence with simple repetends. 

And we will denote the successive figures which constitute 
the repetend by ai, a^Ot,.,. .a„. 
The general form of a repetend will be 

OMiCL^di .... CLffliCL^i . • . . (Zn, &C« 

If we denote this value by «, we shall have 

«= 0.0(0203 .... a^iOsO] . . . • On, dxS. (l) 

In this case we have supposed the number of figures in the 
repetend to be w. 

If we multiply (1) by 10* we shall have 

*10*= aiOjag .... a^ja^a^ ....«« &c. (2) 

The right-hand member of (1) was multiplied by 10* by re- 
moving the decimal point n places towards the right ; we thus 
cause the decimal figures in (2) to occur after the point in pre* 
daely the same order as they occurred in (1). 
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Subtracting (1) from (2), observing that the decimal pints will 
cancel each other, we have 

(10»— l>=aia,a3 .... a,. (3) 

ConsequenUy, s=^-^^^^. (A) 

The denominator of formula (A) vnll consist of a succession of 
9's, as many in number as there are figures in the repetend. 

EXAMPLES. 

1. What is the value of 0.3333, <fec. ? Ana, = g = j. 

2. What is the value of 0.123123123, <fec. 

3. What is the value of 0.142867142857, <fec. ? 

(168.) When the repetend is compound. 
Let a = the repeating period. 

n = the number of figures in a period. 
6 = the non-repeating number. 
m=i the number of decimal figures in b. 
s = the value of the compound repetend. 

Also, denote the successive figures which constitute the non- 
repeating part by 6i, Sj? ^3 • • • • ^«* 

Then the general form of our compound repetend will be 

5=0.6i6,68* • . .&»«ia8«3. • . .«n«i«fa3. • . •««, &c (1) 
The value of the non-repeating part is evidently 
616263 6« 



lO" 



(2) 



Did the part which repeats commence immediately after the 
decimal point, then its value could be found at once by formula 
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(A), Art 167. But there are m decimals before the repetend 
commences, consequently its value is -— part of the value ob- 
tained by formula {A), Hence for the repeating part we find 

10*(10»— 1)' 
Hence, the entire value of (1) is 






10- ^10~(10'*— 1)' 
or which is the same thing, 

6(10>-l)4.a 
*~ 10-(10*~1)' ^^^ 

EXAMPLES. * 

1. What is the value of 0.01'7867142 ? 

In this example «=6 ; m=S; a=86Yl42; ft=lY. These 
values, substituted in formula (B), give 

2. What is the value of 0.0416. 

. 41 x9+6 ,_- . 

^"'- *= 9000 =^^=A> 

INEQUALiriES. 

(169;) When two quantities or expressions are equal, as the 
two members of an equation, this equahty is denoted by the 
symbol =. 

In a similar way the symbol >, placed between two quanti- 
ties or expressions, indicates that they are unequal, and the sym- 
bol is so placed as to open towards the greater quantity. Thus, 
m> n shows that m is greater than n; a<Cb shows that a is less 
than b. 
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In the theory of inequalities, negative quantities t^re consid- 
ered as Use than zero. And of two negative quantities, the one 
which has the greatest numerical value is considered the less. 
Thus, 

0>— 4, and --5>-8. 

Nearly all the principles of equations will hold good in rer 
spect to inequalities, by considering the quantities separated by 
the symbol >, as the two members of the inequality. 

An inequality is said to continue in the same sense, when that 
member which was greater previous to a particular operation, 
remains so after the operation has been performed. And two 
inequalities are said to exist in the sanie sense in regard to each 
other, when the larger members both correspond with the left- 
hand members, or with the right-hand members. Thus, a>5 
and iw>w exist in the same sense; so also do a?<y and r<ip. 
But a>& and 2r<^ are inequaUties existing in opposite senses. 

/. The same quantity may he added or subtracted from both 
members of an inequality, and the inequality will remain in the 
same sense as before. 

Thus, if 6>2, and we add 3 to both members, we shall have 
6-f3>2 + 3; thatis, 9>6. Again, if —3 >— 5, and to both 
members we add 2, we shall have --3+2>--5+2; or, what 
is the same thing, — 1>— 3; again, adding 1 to both mem- 
bers of this last inequality, we have 0> — 2. 

Hence, we may transpose any term of an inequality from one 
member to another, observing to change its sign. 

Thus, suppose we have 

i3a;+18>38— a?, 

we have by transposition, 

3aJ+a;>38— 18, 
or 4a;>20. 



Digitized byLjOOQlC 



232 ELEMBNTB OF AtGEBBA. 

IL The corresponding members of two or more inequcdities 
existing in the same sense in respect to each other, mag be addedf 
and the resulting inequality will exist in the same sense as the 
given inequalities. 

III. But if the corresponding members of two inequalities, 
existing in the same sense, be subtracted from each other, the re- 
sulting inequality will not always exist in the same sense as the 
given inequality. 

In the two inequalities, 

16>16, (1) 

14> 3, (2) 

if we subtract tlie second from the first, we find 

2<12. (3) 

This resulting inequality exists in a contrary sense to the first 
and second. 

IV. We can multiply or divide each member of an inequality 
by any positive quantity, without changing the sense of the in- 
eqtuility. 

V. But if each member be multiplied or divided by a negative 
quantity, the resulting inequality will take an opposite sense. 

VI. If both members of an inequality are positive, they mxiy 
be raised to the same power without changing the sense of the 
inequality. 

VII. But, when both members are not positive, they may, 
when raised to the same power, have the sense of their inequality 
changed. 

(170.) We will give a few examples involving the principles 
of inequalities. 
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EXAMPLES. 

Find the limit of the value of x in the inequality 

4a;— 2 > 10. Ans, a:>3. 

Find the limit of x in the inequaUty 

3a;+2<12+ir. Ans, a?<6. 



3. Given- 



ax , ,^ a 
— + 6a:— a6> — 
rn, m 

hx , ft« 

ax-^-alx^ — . 

n n 



>■ to find the value of x. 



J j a?>a, and x<Cb; that is, any value between 
( a and h will satisfy the conditions. 

4. A boy being asked how many apples he had, replied, *' I 
have more than three score, and half my number diminished by 
13 is less than a score." How many had he ? 
These conditions expressed in symbols, are 
a:>60, 
|-13<20. 

This second condition gives 

ar<66. 

Hence, any number between 60 and 66^ exclusive, will satisfy 
the above conditions. 

PERMUTATIONS. 

(I7l.) The different orders in which quantities may be ar 
ranged, are called their permutations. 

In our investigations we shall use the same letter, with differ- 
ent subscript numbers, to denote the quantities to be permuted. 
Thus, let the n quantities to be permuted, be represented by 
Oi, Oa, a„ ^4, ttj,. ...a„. 
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(172.) We will now proceed to determine the expressioDS for 
the number of permutatums of n different things, when taken 
one and one, two and two, three and three, . . . . r and r together, 
where r is any positive integer not greater than n. 

The number of permutations of n things taken separately, or 
one by one, is evidently equal to the ntunber of things, or to n. 

The niraiber of permutations of n things, taken two and two 
together, is n(n--l). 

For Oi may be placed successively before a,, flu a^, aj,. . . .a„ 
and thus form (n— 1) permutations taken two and two together; 
Of may be placed successively before aj, a^, a^, Os,. • • •<>•, and 
thus form(n— 1) permutations different from the former ; and the 
same may be done with each of the quantities a,, a^ a^,. . . •«», 
and we shall thus obtain (n—1) permutations two and two to- 
gether, repeated as many times as there are individual things, or 
n times. Hence, the total number of permutations of n things 
taken two and two is n(n— 1). 

The number of permutations of n things taken three and three 
together, is equal to n{»— 1)(»— 2). 

For we have just shown that the number of permutations of 
n things two by two is n(»— 1), therefore the number of permu- 
tations of Oty a,, 04, a^. . . .Om, taken two and two, is found by 
diminishing n by a unit in the expression n{n'^ 1), which thus 
becomes (n— l)(w— 2). Now, writing Oj before each of these 
permutations, we shall find (n— l)(n— 2) permutations of three 
by three, all commencing with aj. It is obvious the same thing 
may be done with all the other letters, aj, a,, a^y a^. , .. a.. 
Therefore, the total number of permutations of n things taken 
three by three is «(n— 1)(«— 2). 

By a similar process we should be able to show that the num- 
ber of permutations of n things taken four and four is 

n(»— l)(n— 2)(n— 8). 
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(173.) By this method of induction, toe infer that the number 
of permutations ofn thirds taken r and r together, mil be given 
by the continued product of the natural numhers descending from 
n, until as many fo/ctors are used as there are things in each 
permutation. 

The general expression will be 

»(w-l)(w-2)(n~3) (n—r+l). {A) 

If we suppose r=n, then all the different things will be found 
in each permutation, and formula (A) will become, where the 
order of its fectors is reversed, 

Ix2x3x4x6....(w-1)», (B) 

which is the product of all the natural numbers as fu: as n. 

EXAMPLES. 

1. How many permutations can be made of six individual 
things, all being taken at a time ? 

Ans. 1X2X3X4X6X 6 = 720. 

2. In how many different ways may 15 persons sit at table ? 

Ans. 1X2X3X4X6X6X7X8X9X10X11X12 
X 13 X 14 X 15 =1307674368000. 

3. How many changes can be rung on 8 bells ? 

Ans, 1x2x3x4x5x6x7x8=40320. 

(174.) Let us endeavor to find the number of permutations of 
n things, when any assigned number of them become identical. 

Thus let us find an expression for the number of permutations 
of n things, r of which are identical with each other. 

We have already found the number of permutations of n 
things all taken together, supposing them all different from each 
otlier, to be 

»(n-l)... .3.2.1 



Digitized byLjOOQlC 



ELEMBNTS OF ALQSBRA. 

If r of these, quantities become identical, the permutations 
which arise by their interchange with each other, or from their 
particular permutations, which are 1 X 2 X 3 .... r in number, 
for any assigned position of the other letters, are reduced to one. 
The number of permutations, therefore, when all the letters are 
different from each other, is 1 X 2 X 3 . . . . r times as great as 
when r of them become identical. Or, in other wordsj 

n(w^l)X....2Xl 
lX2X....r ' 

is the expression for the number of permutations under the cir- 
cumstances supposed. 

If, in addition to r quantities, which become identical, there 
are s others, which, though different from the former, are still 
identical with each other, then there arelx2x3x.,..* per- 
mutations corresponding to their interchange with each other, 
which are reduced to one, for any given position of the other 
quantities. The expression for the number of permutations, un- 
der these circumstances, becomes 

w(n— l)x ..^.2x1 

1X2X rXlX2x s' 

The same reasoning obviously applies to any number of classes 
of letters or things which become identical with each other ; and 
consequently i^ of n quantities, rj are of one kind, r^ of another, 
rj of a third, and so on, as far as r^ of the mth class, then 
their whole number of permutations will be expressed by 

n(n— l)(n— 2) X 3X2X1 

1X2 riXlX2 r2XlX2 r^X 1X2 r„' 

(176.) We will illustrate this formula by a few 

EXAMPLBS. 

1. Find the number of permutations (p) of the letters in tho 
word Algebra, 
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In this ca5!0 n=: 7, and the letter a appears twice ; consequently, 

7.6.5.4.8.2.1 ^^^^ 
p=^ — =2520. 

2. Find the number of permutations (jp) of the letters in the 
word perseverance. 

In this case n=12, and the letter e appears four times, and r 
twice. Therefore, 

12. 11. 10. 9. 8. 7. 6. 6. 4. 3. 2.1 



1.2.3.4X1.2 



-=9979200. 



8. In how many different ways may three maple-trees, five 
ash- trees, and two elm-trees, be set out in a single row ? 

Ana, 2620. 

COMBINATIONS. 

(176.) By combinations of different letters or quantities, we 
mean the different coUections which can be made of any assign- 
ed number of them, without reference to the order of their ar- 
rangement. Thus, ttia^, aia^y and a^Oi, are the only different 
combinations of the three letters a^, a^ a,, taken two and two 
together, which form six different permutations. There is only 
one combination of the same three lettera, taken all together, 
though they form six different permutations. 

(177.) We will now proceed to determine the number of 
combinations of n things, taken r and r together, when r is less 
than n. 

The number of combinations of n things, taken separately or 
one and one together, is clearly n. 

The number of combinations of n things, taken two and two 

^ . . n(n~l) 
together, is 



1.2 
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For the number of permutataons of n things taken two and 
two together, is n{w— 1), Art 172 ; and there are two permuta- 
tions {pnfhi <k^i) corresponding to one combination ; the number 
of combinations will be found, therefore, by dividing the num- 
ber,of permutations by 2, or 1 . 2. 

The number of combinations of n things taken three and three 
together, is 

n(w— l)(n— 2)- 
l72"T3 * 

For the number of permutations of n things, taken three and 
three together, is n(»~ 1)(»— 2), Art 172, and there are 1.2.3 
permutations for one combination of three things. The number 
of combinations will therefore be found by dividing the number 
of permutations by 1 . 2 . 3. 

By the same reasoning we might show that the number of 
combinations of n things taken r and r together, is 

n(n-l)(n~2)....(n-r+l) 

1.2.3. ...r • ^^^ 

(178.) We will illustrate this formula by a few simple 

EXAMPLES. 

1, How many lottery tickets, each having three numbers, can 

beformedout of 60 numbers? . 60x50x58 ^^^^^ 

Ans. ~- — ^ — -- =34220. 
1X2X3 

2. How many diagonals can be drawn in a polygon of n 
sides? 

It is evident that the whole number of lines which can be 
drawn by joining the comers of the polygon is equal to the 
number of combinations of n things, taken two and two, since a 
line can be drawn from any point to any othei pomt 
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Hence, the whole number of lines thus drawn is 

W(72— 1) 

1.2 ' 

But n of these lines must be required to form the sides of the 
polygon. Therefore the number of diagonals is 

n(w-- 1) nin—d) 

_i : — n=— ^ -. 

1.2 2 

8. How many different triangles can be formed by joining the 
comers of a polygon of n sides, counting only such triangles as 
have their vertices corresponding with the comers of the poly- 
gon? 

Now, as three points will determine the position of a triangle, 
it is evident there must be as many triangles as the number 
of combinations of n things taken three and three together, 
which is 

n{n—l){n—2) - • 

1.2.3 

PROBABILniKS. 

(179.) There is scarcely any subject which admits of a greater 
variety of instractive illustrations than the Theory of (hmJbkujr 
turns. For it is by the aid of this theory that many nice calcu- 
lations are made in reference to chances and probabilities. We 
will for this reason make a few remarks, in this place, concern- 
ing the method of applying algebra to the calculation of proba- 
bilities. 

(180.) If a expresses the number of favorable events or cases, 
and. b the number of those which are un&vorable, the chance 
of the &vorable event or of the required case existing, is ex- 
pianedby 
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a 

while the chance of an unfavorable event or of the required case 
not existing, is expressed by 

h 
a+6' 

(181.) From this mode of representation, it will follow that 
cerUdnty^ which supposes all the events favorable, in the first 
case, when 5=0 ; or all of them unfavorable, in the second case, 
when a=0, will be expressed by 1. The ratio, therefore, of the 
chances to certainty^ or of the degree of probability to certainty, 
will be the ratio which the fraction, by which it is denoted, bears 
to unity, or the ratio of its numerator to its denominator. 

(182.) The ratio of the chances of success to that of failure, or 
the ratio of the odds for or against^ as expressed in popular lan- 
guage, will be that of a to 6, or of 5 to a, which are the numera- 
tor^ of the fractions by which the respective chances are de- 
noted. 

(183.) The following are examples of the representation of 
simple chances : 

1. What is the chance of throwing an ace with a single 
die? 

There is only one face which can be uppermost ; that is, there 
is but OTA favorahle case, while there are five unfavorable cases. 
The chance, therefore, that this face is the ace^ is \, The chance 
that this &ce is not the ace is |-, for there are five out of six 
equally possible ways, which are favorable to this last case. 

The chance that the fEUse thrown is either an ace or a detice^ is 
|- or \, For there are here two fevorable cases out of six which 
are equally likely to happen. The chance that it is neither an 
ace nor a deuce is |^=f . 

If the die had been a regular tetrahedron, whose feices were 
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marked with the numbers 1, 2, 3, 4, the chance of its resting 
upon an ace would be }, the chance of its not doing so would 
bef 

The chance of drawing the ace of spades from a pack of 62 
cards is -^^, The chance of drawing any one of the four aces 
is -^^zzz^^ ; for there are four favorable cases out of fifty-two 
which are both fiavorable and unfavorable, and all of them are 
equally likely to happen. 

(184.) If 14 white and 6 black balls be thrown into an urn, 
the chance of drawing a white ball out of it, at one trial, is 
i^=YU' ^^ chance of failure, or of drawing a black ball, is 

6 3 

In the preceding, and in aU other cases, the chances of suc- 
cess and failure of the same event are supplemental to each 
other, their sum being equal to 1, which is the measure of cer- 
tainty. The knowledge of one, therefore, necessarily determines 
the other. ' 

(185.) The following are some examples of compound chances : 

To find the chance of throwing an ace twice in succession 
with a single die. 

There are six cases which are equally likely to occur at the 
first throw, and the same number at the second. These may be 
combined or permuted together in 6x6=36 diflferent ways 
which are equally likely to happen, and only one of them is 
favorable. The chance is therefore ^\. 

The chance of throwing two aces at one contemporaneous 
throw with two dice, is equally ^^ ; for the succession of time 
makes no difference whatever in the number of favorable and 
unfavorable permutations. 

The chance of throwing an ace at the first throw, and a deuct 
at the second, is also -^-^ ; for there is only one favorable permu- 
tation out of 36. 
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The chance of throwing an ace at one throw, and a deuce at 
the other, without reference to their order of succession, is -^ : 
for in this case there are two permutations forming one combi- 
nation, (1, 2 and 2, 1), which are favorable to the hypothesis 
made, and two ordy out of the whole 36. 

(186.) The chance of an event contingent upon other events, 
is the continued product of the chances of the separate events. 

Let the several chances be 

a, ^ Oj a, «• . 



where a,, a,, aj, . . . .a., represent the numbers of cases which are 
favorable, and &|, 5,, 5s, .... &» the numbers of cases which are 
un£Eivorable, to the particular h3q)othesis made in each separate 
evenly whether of success or failure. 

We will consider, in the first instance, the chance which is 
dependent upon the two separate chances 

''' and "^ 



Every case in ai+6i may be combined with every case in 
Oj+fij, and thus form (ai+6i) (aj + Jj) combinations of cases, 
which are equally likely to happen. 

The fevorable cases in the first {a^ may be combined several- 
ly with the favorable cases in the second (oj), and thus form 
aiX^ combinations of case favorable to the compound event. 

The compoimd chance is therefore denoted by 

which is the product of the separate chances. 

We will now consider the chance of the event contingent 
upon three other events, whose respective chances are 
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ai CL2 oLi 



The s<3veral combinations of all the cases in the two last 
chances, which are by the last case, (fli+^i) («a+^2) ^^ number, 
may be -severally combined with the 03+ ^8 different cases both 
favorable and unfavorable, of the third chance, and thus fonn 
(a,+&i) («2+^2) («8+^3) combinations which are equally likely 
to happen. 

The favorable cases in the two first chances,^hich are ai X «2 
in number, may be combined severally with the <h favorable 
cases of the third chance, and thus form a^X<hX<^i cases which 
are favorable to the compound event. 

The chance, therefore, of the compound event is 

aiX^sXas 



which is the product of the simple chances. 

It is obvious that the chance of a compound event depending 
upon a greater number of simple events may be found in the 
same way. 

This is a most important proposition in the Doctrine of 
Chances, and makes the calculation of the chance of any com- 
pound event dependent upon the separate and simple chances 
of the several events, in their assigned order, upon which it is 
dependent. 

(187.) We will add some cases of compound chances. 

1. What is the chance of throwing an ace in the first only 
of two successive throws ? 

The first simple chance is \, 

The second simple chance is f ; for an ace must rvot be thrown 
the second time, and there are ^"ve favorable cases for its failure. 

The compound chance is therefore "J'Xf =j7j. 
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2. What is the chance of drawing the four aces from a pack 
of cards in four successive trials ? 

The first simple chance is -^^. 

The second simple chance is /j. 

For if an ace be drawn the first time, there will remain only 3 
aces and 51 cards. 

Tlie third simple chance is ^. 

For if two aces be drawn the two first times, there will re- 
main only two aces and 50 cards. 

The fourth simple chance is, by the above reasoning, ^. 

The compound chance required is, therefore, 
4.3.2.1 _ 1 
62.61.60.49" 270725' 



niE X17D. 
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SERIES OF READING BOOKS 

BT HENBT MAin)EVlLLB, D. D. 

COMPBISING 

PRIMARY READING BOOK. 1 vol 16mo. 
SECOND READER. 1 vol. 16mo. . 
THIRD READER. lvoLl6mo. . 
FOURTH READER. 1 vol 12mo. . 
COURSE OF READING, or FIFTH READER. 
ELEMENTS OF READING AND ORATORY. 

12mo « 1 00 

Great pains hare been taken to make these books superior to any 
other readiog-books in use, by reducing them to a complete practical 
system, founded on the nature of the language, by which the proper 
delivery of all sentences may be determined, and Reading elevated to 
the rank of a science. The proper and thorough use of these books 
places it in the power of every pupil to become an accomplished reader. 
The selections will be found to contain some of the finest gems in the 
language, which cannot fail of interesting the pupil, and cultivate a 
literary taste. 

Thb Fibst and Second Readers introduce successively the different 
parts of speech, and are designed to combine a knowledge of their 
grammatical functions with the meaning and pronunciation of words. 

The Thied and Fourth Readers commence with a series of exercises 
on articulation and modulation, containing numerous examples foT 
practice on the elementary sounds (including errors to be corrected) 
and on the different movements of the voice produced by sentential 
structure, by emphasis, and by the passions. 

The Course of Reading comprises three parts : the first part con- 
taining a more elaborate description of elementary sounds and of the 
parts of speech grammatically considered, than was deemed necessary 
in the preceding works; part second, a complete classification and 
description of every sentence to be found in the English, or in any 
other language ; part third, paragraphs ; or sentences in their conneo 
tion ilnfolding general thoughts, as in the common reading-books. 

The Elements of Reading and Oratory closes the series with an 
exhibition of the whole theory and art of Elocution exclusive of ges- 
ture. It contains, besides the classification of sentences, the laws o) 
pnnctuation and delivery deduced from it, the whole followed h\ 
•arefuUy selected pieces for sentential analysis and vocal practice 
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That the series is eminently practical and highly approved is shown 
by the following testimonials, selected from the thousands that hays 
been received from public educators^ who have tested them by thorough 
examination or actual use. 

From Waltkb Baxlst, Supt. Publio Schools, Fourffi J>istriet, ITew Orlaam, 
May2Uh,180i. 

**I bftve examined, with much care and interest, Professor MandevUle's series of 
Benders, and am mach gratified to observe that he has reduced the sabject of pimctaa- 
tion and delivery to a complete system; and they possess such superior advantages 
over any <rthers that I have ever examined, that I have adopted them as text-books in 
the public schools under my supervision.** 

\* In July, 1852, MandeviUe's Beading books were adopted and introduced in all 
the Public Schools of New Orleans. 

Ths JblloiDinff EesoluHon was unanimously adopted by the Board <^ EdueaUon 
of St. Zouis, October, 12/A, 1852. 

Besohed, That Professor Mandeville*8 Series of Beaders be substitnted as text-books 
tor Swan's Beaders in the Publio Schools of this city." 

Jfrom the late S. Is Houiks, City Superintendent of Schools, Brooklyn. 

"Mandeville's Beading Books are used in all of the Publio Schools of Brooklyn, and 
with great satisfaction and profit, both to teacher and pupil As mere reading books 
Aiey are probably unsurpassed either in matter or system; but as a means of disclosing 
tho true structure of our language, and pointing out the proper mode of parsing it^ this 
series is believed to be altogether unequalled." 

Pbof. Makoxvillb's LKcnrKKS.— '*The Committee to whom was Intrusted the 
preparation of an expression of the sentiments of the Teachers of the Public, TVard, 
Corporate and Private Schools of the City of New York, who have attended ProC 
Mandeville*s Lectures, in his course on Elocution, respectfiilly report the following 
resolutions : 

" Besolved, That the course of Lectures on Elocution, by ProC Mandeville, which 
we have attended, has been to us a source of much gratification and profit 

" Resolved, That his system, based upon sound Philosophical principles, is an easy, 
progressive, natural, and eminently original method of attaining a knowledge of th« 
classification and structure of every kind of sentence in the English language^ with it 
appropriate punctuation and delivery; and we are happy to say unhesitatingly, that 
our opinion, his course, if &Ithfully carried out by teachers as he recommends, Is bettoi 
calculated to make good readers than any other with which we have been acquainted." 

ThefoiUowing is signed by aU the Prinoiples qf fhe Syracuse Public Schools, 
eaoeeptone. 

** We, the undersigned. Principals of Public Schools In the City of Syracuse, having 
formed some acquaintuice with Mandeville's System of Beading and Oratory, take 
occasion che^ftilly to express our unfeigned approval and admiration of the same, as 
the only truly Sdentlflc System known to us, and our belief that its univetsal introdue 
tion into the Public Schools of our country, would prove a very valnaUe aoocsiloii to 
the present oducatloiua ftdUtieo." 

• 
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THE SHAKSPEARIAN READER 

BY J. W. B. HOWS. 
12ino. 447 pages. Price %\ 25. 

Hub work is prepared expressly for the use of Classes in schools and 
the reading circle, and contains a Collection of the most ap- 
proved Plays of Shakspeare, carefully revised, with introductorv 
and explanatory notes. 

** This is a vecy handsome Toluine, and it 'V9\S1 prove, we beHeve, a v^ry popular one. 
Probably no man living is better qualified for the task of preparing a work of this kind 
Ihan ProC Hows, who has long been a teacher of elocution, and from his lectures on 
Bhakspeaie, has acquired a high reputation for his masterly analysis of the great dra^ 
matist The only £&ult that we find with his book is that he has left out the comio 
parts, and has given nothing of FalstafEL But his leaaons fbr the omission are sound and 
^scrimlnating.'*— 3?<m> York Mirror, 



PRIMARY SPELLER AND READER. 

BY ALBEET D. WEIGHT. 
Price 121 Cents. 

This little volume of 144 pages combines a Primary Spelling-book 
and Reader, happily illustrated with numerous cuts, intended to attract 
the attention of the young, and to suggest thought for oral instruction 
and conversation. 

It is confidently believed, that the proper use of this little book wiU 
obviate most of the difficulties experienced at the commencement of a 
child's education. 

As fast as the letters are learned, an application is immediately 
made of them. 

Ko word is given in which a letter occurs that has not been pre- 
viously learned. 

The capital letters are taught one at a time, and by review in read- 
ing lessons. 

The words are systematically presented, being classified by their 
vowel sounds and terminating consonants ; and generally, at the end 
of each class, they are ai>ranged"into little spelling lessons. 

The learner is immediately initiated into reading lessons, composed 
of words of two or three letters, and is then led progressively into more 
difficult words. 

**This is an excellent little book for children, and an improvement on all ofb«r Pil- 
mary LesBons.**— ^ T, Obssrter. 

** We most heartily commend it to the fikvorable regard of taaohers and parwl^"-^ 
Voa6^ertl' Adweate. 
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CLASS-BOOK OF POETRY. 

BY ELIZA BOBBINS. 

OoDtftining a judicious, beautiful, and interesting Collection of Poeti j 

for the Use of Children in Schools, and private reading. 12ma 

IGma 252 pages. Price 75 cents. 

Extract from the AtUhor's Preface. 
** In no way is a graceful and refined style of speech so naturally 
formed as by poetic language made thoroughly familiar to the young. 
' I do not like poetry ; I cannot understand it^' often say half-taught 
children. Give them the poetry of good writers^ with a little necessary 
comment, and you will remove all obscurity from the most instructive 
and effective poetry, and all distaste to it. I have endeavored to do 
this in the following collection, and I trust that while it exhibits * only 
things pure,' 'lovely, and of good report,' it may also give much plea 
sure, and be serviceable accordingly.'* 



GUIDE TO KNOWLEDGK 

Bt Eliza Bobbix& 16mo. 400 pages. Price 68 cents. 

rhifl contains a large amount of useful information, communicated ii 
an entertaining and easy style of familiar questions and answers oo 
every-day subjects, such as children are constantly asking questions 
about 

**The bads of tbto work is the *Ch0d'8 Guide to Knowledge— an elementaiy book 
which has boon mach used In England for many yean, and is partioiilarly adapted to 
our own ooontry and nation. It commences with qaesttona and answers on those ele- 
mentary topics wliloh occapy the attention of the yonng mind, and ranges over the 
complete circle of naefal knowledge. It is a storehooae of varions information for the 
yonng: We know of no elementary book, that with the nocesBary aid of Judicious in 
stmctors, and suitable illustratlTe helps, can be made more useful to youth. Aooom 
paayiog, is a dlotionaiy of technical terms. We oordiaUy reoonunend it to the notioe 
of tMK^em.'"— Journal and Mesaenger, 



CLASS-BOOK OF ZOOLOGY. 
By Peof. B. Jaeger. 18mo. Price 42 cents. 

This work is designed to afford to pupils in common schools and academies s know- 
ledge of the Animal Kingdom, not by making it a tiresome study^ overloaded with 
iaoomprehensible technical terms taken from Latin and Greek, but as a scientiflc^ 
amosittg, inatructlve, and vaetal occupation for the juvenile mind, imparting a taste fov 
eoUeoting and preaerytag zoological specimens, and ftimishlng subjecta for bitorestln^ 
and devated obaervatlon. 
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THE CHILD'S FIRST HISTORY OF ROME. 

BY MISS £. M. SEWELL. 
18mo. 265 pages. Price 50 Cents. 

In the preparation of this work for the use of children, the aathoresi 
hM drawn her materials from the most reliable sonrces^ and incorporated 
them into a narrative at once unostentatious, perspicuous, and graphic, 
aiming to be understood bj those for whom she wrote, and to impress 
deeply and permanently on their minds the historical facts contained 
in the book. The entire work is clothed in a style at once pleasiog and 
comprehensible to the juvenile mind. 

"The aathor of this work has been very sncoesBftil in her style of narration, as weU 
as gone to the best sources aocessiblo for her fiicts. While there Is nothing light and 
trivial in her manner, there Is all the Tivacity of the most lively fireside story-teller; 
and those thlogs, ** of which it is a shame to speak," she gets over with great Judgment., 
delicacy and tact While it is eminently a chUd's book, we greatly misjudge if it 
should not prove a &vorite with adults, especially that class who cannot oommand tims 
to read protracted histories.'*— C%ri««a» Mirror. 



A FIRST HISTORY OF GREECE. 

BY MISS E. M. SEWELL. 
18mo. 855 pages. Price 68 Centa. 

This work is designed to impart to youog people a n;^ore clear and 
understandable knowledge of Grecian history than is attainable through 
any of the numerous works on that subject that have been accumulat- 
ing during the last century. By selecting and presenting clearly and 
concisely only prominent characters and events, and not overloading 
and rendering their perusal irksome by a mass of minor details^ the 
authoress has rendered an essential service to the youth of our country. 

** Miss Sewell is eminently snocessfhl in this attempt to set forth the history of Oreeos 
In a manner suited to the instruction of the young. The chronology is lucid, the evenu 
are well selected, and the narrative is perspicuous and simple. The fkcts and the roe 
tbod of presenting them are taken mainly from the work of Bishop Thirlwall, an ex- 
oellent authority, and the work as a whole is the best with which we are acquainted 
for the use of children in their lessons of Grecian History, whether in the school-rooo 
or the Ihmily circle."— Pr£wf<f«nc« JoumdL 

" She has fidthftilly condensed her subject, from the Siege of Troy, b. a 1184^ to the 
destruction of Corinth, and the annexation of Greece, as a province to the Bonuu; 
Empire, b. c. 141 ; forming a most excellent outline, to be filled up by the fbture acqui 
litions of the reader. The chronological table of cotemporary evrats attached is a 
valuable addition —Cinomna^l Z>a% Times. 

i 
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MANUAL OF GRECIAN AND ROMAN ANTIQUHTEa 

BT DS. B. F. BOJISSN. 

WITH NOTES AND QUESTIONS BY REV, THOMAS K, ARNOLD. 

1 YoL 12mo. 209 pages. Price $1 00. 

The present Manuals of Greek and Roman Antiquities are £fir supe- 
rior to any thing on the same topics as yet offered to the American 
pablic. A principal Review of Germany says of the Roman Manual: 
'Small as the compass of it is, we may confidently affirm that it is a 
great improvement on all preceding works of the kind. We no longer 
meet with the wretched old method, in which subjeets essentially dis- 
tinct are herded together, and connected subjects disconnected, but 
have a simple, systematic arrangement^ by which the reader readily 
receives a clear representation of Roman life. We no longer stumble 
against countless errors in detail, which, though long ago assailed and 
extirpated by Neibuhr and others, have found their last place of refuge 
in our manuals." 



HISTORY OF ENGLAND. 

B7 MBS. MABKHAM. BSYIBBD BT ELIZA BOBBINS. 
12mo. 887 pages. Price 76 Cents. 

This work /covers a period from the Invasion of Julius Csesar to the 
Reign of Victoria, containing questions adapted to the use of schools 
in this country. 

"Mrs. Markham's History was used by that model for all teachers, 
the late Dr. Arnold, master of the great English school at Rugby, and 
agrees in its character with his enlightened and pious views of teach- 
mg history. It is now several years since I adapted this history to the 
form and price acceptable in the schools in the United States. I have 
recently revised it^ and trust that it may be extensively serviceable io 
education. 

"The principal alterations from the original are a new and more 
fonvenient division of paragraphs, and entire omission of the conver- 
sations annexed to the chapters. In the place of these I have affixed 
questions to every page that may at once facilitate the work of the 
teacher and the pupil The rational and moral features of this book 
first commended itself to me, and I have used it successfully with mj 
own soholars."— JKrfroKrf /ram ^e American Editor^s Prefatt. 
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MANUAL OF ANCIENT GEOGRAPHY AND fflSTORY 

12mo. 896 pages. Price %\ 00. 

This work was originally prepared by Wilhelm Fiits^ an eminent 
German scholar, and translated and edited in England by Rev. T. K. 
Arnold, and is now revised and introduced to the American public in a 
well-written preface, by Mr. George W. Greene, teacher of modem 
languages in Brown University. 

As a text-book on Ancient History for Colleges and advanced Aca- 
demies, this volume is believed to be one of the best compends pub 
liflhed. 



HAND-BOOK OF MEDLEVAL GEOGRAPHY <fe HISTORY 

BY WILHELM PUTZ. 

TRANSLATED BT REV. R. B. FAUL, M, A 

1 Vol 211 pages. 12ma Price V6 Cents. 

The characteristics of this volume are : precision, condensation, and 
luminous arrangement It is precisely what it pretends to be — a 
manual, a sure and conscientious guide for the student through the 
crooks and tangles of Mediaeval History. All the great principles of 
this extensive period are carefully laid down, and the most important 
facts skilfully grouped around them. 



MANUAL OF MODERN GEOGRAPHY AND HISTORY. 

BY WILHSLM PtJTZk 

TRANSLATED BY REV. R, B. FAUL, Jtf. A, 

12mo. 836 pages. Price $1 00. 

This volume completes the series of the author's works on geography 
and history. Every importa^ fact of the period, comprehensive as it 
is both in geography and history, is presented in a concise yet clear 
and connected manner, so as to be of value, not only as a text-book for 
students, but to the general reader for reference. Although the faotf 
are greatly condensed, as of necessity they must be, yet they are pre 
sented with so much distinctness as to produce a fixed impression on 
the mind. It is also reliable as the work of an indefatigable German 
scholar, for correct information relating to the progress and ohanges of 
states and nations — literature, the sciences and the arts — and all thai 
eoubines in modem civilization. 

ff 
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k DIGEST OF THE LAWS, CUSTOMS, MANNERS AND 

INSTITUTIONS OF THE ANCIENT AND MODERN 

NATIONS. 

BY THOMAS DEW. 
LaiB PreHdeni qfthe CdUege of WiUiam and Mary, 

1 VoL 8vo. 662 pages. Price |2 00. 

On examination, it will be found that more than ordinary labor has 
been expended upon this work, and that the author has proceeded upon 
higher priociples, and has had higher aims in view than historical com- 
pilers ordinarily propose to themselves. Instead of being a mere cata- 
logue of eyents, chronologically arranged, it is a careful, laborious, and 
instructive digest of the laws, customs, manners, institutions, and civi 
lization of the ancient and modern nations. 

The department of modern history in particular has been prepared 
with unusual care and industry. 

From John J. Owxn, Prqfeator in Nw> York Ftm Academy. 

**I have examined with much pleasure Profl Dew^s 'Digest of the Laws, Manners, 
Onstomf^ Jko., of Ancient and Modem Nations.* It ftirnlshes a deidderatam in the 
•tndy of history which I have long desired to see. The manner in which history ii 
generally Bta4ied in our institutions of learning, is, in my Judgment, very d^ectiye. 
The great central points or epochs of history are not made to stand out with euffleient 
prominence. £yents of minor importance are made to embarrass the memory by the 
oonftised method of their preeentatioQ to the mind ; history is studied by pages and not 
by subjects In the wilderness of events through which the student is groping his way, 
he soon becomes lost and perplexed. The past is as obscure as the fliture. His lesson 
toon becomes an irksome task. The memory is wearied with the monotonous task dt 
striving to retain the multitudinous events (tf each daily lesson. 

** This evil appears to be remedied in a great degree by Pro£ Dew^s admhrable ar* 
rangement Around the great points of history he has grouped those of subordinate 
inaportance. Each section is introduced by a caption, in which the subject is briefly 
stated, and so as to be easily remembered. Thus the student having mastered the lead- 
ing events, will find little or no difficulty in treasuring up the minor points in their 
order and connection. I trust the book will be adopted in our higher institutions ol 
learning. I greatly prefer it to any history fbr the use of schools which I have seen.** 

-^ 

HISTORY OF GERMANY. 

BY FBEDEBICH KOHLBAHSGB. 
1 Vol 600 pages. 8vo. Price %\ 50. 
This history extends from the earliest period to the present time 
•ad has been translated from the latent German edition by James D 
Hass. 

«* We recommend ft strongly to those of our readers who desire a ludd, oompiehet 
rtv«, and impartial histety of the rise, rrogress, and condition of the Germaaic SmptM 



Digitized byLjOOQlC 



D, APFLHTON f CO^ PUBL^SHERJS, 



HISTORICAL AND MISCELLANEOUS QLTESTIONS. 

BT BICHABD MAGNALL. BEYISED BY MB8. LAUBENOE. 
i2mo. 896 pages. Price $1 00. 

rhe American authoress of this excellent book has made it peca< 
aarly well adapted to the schools of this country by adding to it a 
chapter on the history and const! tntion of the United States^ and by 
large additions on the elements of mythology, astronomy, architecture^ 
heraldry, <&&, <&c. This edition is embellished by numerous cuts, a 
lai*ge portion of the work is devoted to judicious questions and answers 
on ancient and modern history, which must be very serviceable to 
teachers and pupils. 

''•This to an admirable wovfc to aid both teachers and parents In instructing ehildrea 
and youth, and there is no work of the kind that we have seen that is so well calcnlat 
•d to * awaken a spirit of laudable curiosity in young minds,* and to satisfy that caiioaitf 
when awakened."*— (7omm«rcto2 Advertiser, 



HISTORY OF THE MIDDLE AGES. 

BY GEO. W. GBEENE. 
1 Vol. 12mo. 460 pages. Price $1 00. 

This work will be found to contain a clear and satisfactory ezposi 
tion of the revolutions of the middle ages, with such general views of 
literature, society, and manners, as are required to explain the passagei 
from ancient to modern history. • 

Instead of a single list of sovereigns, the author has given ful 
genealogical tables, which are much clearer and infinitely more i 
iactoiy. 



GENERAL HISTORY OF CIVILIZATION IN EUROPE. 

BY It OXTIZOT 
1 Vol. 816 pages. 12mo. Price |1 00. 

This work embraces a period from the fall of the Roman empire U 
the French revolution, and has been edited from the second EnglisI 
edition, by Pro£ 0. & Henry, who has added a few notei*. The whole 
work is made attractive by the elear and lively style of the«a&tbor. 
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HISTORY OF ROME. 

BT DB. THOlCAfl ASNOLD. 
Three Volumes in One. 8 to. 670 pages, $£ 00 

Arnold's History of Rome is a well-known standard worlc; as Ml 
and accurate as Niebuhr, but much more readable and attractive ; 
more copious and exact than Eeightley or Schmitz^ and more reliable 
than Michelet^ it has assumed a rank second to none in value and im 
portance. Its style is admirable, and it is every where imbued with 
the truth-loving spirit for which Dr. Arnold was pre-eminent For 
Colleges and Schools this history is invaluable; and for private, as well 
as public libraries, it is indispensable. ^ 



LECTURES ON MODERN HISTORY. 

BY DE. THOMAS ABNOLD. 
Large 12mo. 428 pages. Price $1 25. 

Edited from the second London edition, with a preface and notes 
of Henry Reed, M. A, Professor of English Literature in the University 
of Pennsylvania. 

** These leetores, eight In nnmber, flumlsh the best poealble Introduction to a philo- 
lophical stadf of modem hlfttor7. Prof. Beed has added greatly to the worth and In- 
tttest of the yolmne, bj appending to each lecture such extracts ft-om Dr. Arnold^ 
other writings as would more taSlj illustrato its prominent points. The notes and ap 
p«ndlx which he has thus ftimishod are exceedingly valuable.^— J^Mningr Pott 



MANUAL OF ANCIENT AND MODERN HISTORY. 

BY W. a TATLOB, LL. D., M. & A. a 

Port I. — Containing the Political History, Geographical Position, 
and Social State of the Principal Nations of Antiquity, carefully digested 
from the Ancient Writers^ and illustrated by the discoveries of Modem 
Scholars and Travellers. 

Part IL — ^Containing the Rise and Progress of the Principal Euro 
pean Nations, their Political History, and the Changes in their Sooia. 
Condition ; with a History of the Colonies founded by Europeans. Ro 
viaad by C. S. Taylor, D. D. 8vo. $2 60. 
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PHILOSOPHY OF SIR WM. HAMILTON. 

EDITED BY O. "W. WIGHT. 

1 YoL 8yo. 580 pages. Price $1 60. 

This handsome octavo volame is issued in a beautiful style, and ii 
designed to be used as a text-book in schools and colleges. It em 
braces all the metaphysical writings of Sir Wm. Hamilton, one of the 
most noted philosophers and logicians of the day, whose writings de- 
serve the attention and consideration of those who have charge of our 
seminaries of learning. 

**'With the severest logic, and « power of analysis that is woU nigh matchless, he 
unites the most perspieaons and exact style, expressing the nicest shades of thought, 
with undeTiating acconcy. And his writings display remarkable erudition as well as 
dlBcilminatlon ; he shows himself perfectly fiuniliar with the theoiios and a^omonts of 
all who have gone before him, whether in earlier or lateadays; and while he renders 
dae honor to each, be knows no such thing as being ia bondage to a great name."— 
Puritan Recorder, 



HISTORY OF MODERN PHILOSOPHY. 

BY U. YIOTOB COUSIN. 
TEXmf^TXD BT a w. wzaHT. 

2 vols. 8vo. 891 pages. Price $3 00. 

This is the ablest and most popular of all Cousin's works. It con- 
tains a full exposition of Eclecticism, by its founder and ablest sup- 
porter ; gives a collected account of the history of philosophy from the 
earliest times; mokes a distinct classification of systems ; affords brief 
yet intelligible glimpses into the interior of almost every school, 
whether ancient or modem; and a detailed analysis of Locke, which 
unanswerably refutes a sensualistic theory that has borne so many 
bitter fruits of irreligion and atheism. 

« M. Cousin is the greatest philosopher of France.''-r5^ Wittiam EamiUton. 

** A writer, whose pointed periods have touched the chords of modom sode^, a&d 
ttirllled through the minds of thousands in almost every quarter of the civilized world.** 
'^Sdivinirgh Beeimo, 

<* As regards that part of this work— its translation— which has fiillen to Mr. Wights 
we must say that it has the air of being well performed. We have not the original at 
band to compare the two, bat the flowing style of the English version demonstrates tht 
translaUv's fiuniliarity with the foreign language."— FM^m Lit. GoMfU. 
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BOOK OF ORATORY. 

BT SDWABD 0. MABBHALL, A.1L 
One Volume. 12mo., of 500 pages. Price $1 00. 



FIRST BOOK OF ORATORY, 
A2r AjBbidqment or tetb abovk 

One Yolume. 12mo., of 237 pages. Price 62 Cents. 

These works contain a larger number of elegant extracts tban an^ 
limilar ones, from the first American and English authors, among whom 
are Webster, Clay, Everett, Calhoun, Wirt, Randolph, Prentiss, Chan- 
ning, Dewey, Burke, Brougham, Shakspeare, Byron, Scott, Hood, 
Bryant^ and Longfellow, t<^ether with a complete digest of specimens 
of the oratory and poetry of all parts of the Union. 

** A Itfge and sdmirablo solcotlon of pieces for decUtmatioii, coptom and yailed, and 
well eboflen with reference to speaking. The range of lelection is almost universal, a& 
least among modem writers in prose, verse and drama. Thej make a spirited collec- 
tion of thought and rhetoric. The editor is a practical teacher of elocution, and evi- 
dentlj has a wide aoqaalntance with literatora It is as good a work of the kind as w« 
ever tamy—EvangdUi. 

** It is an admirable collection of pieces for declamation, taken principally from emi- 
nent American orators.**— TW&tmml 



THE MYTHOLOGY OF ANCIENT GREECE AND ITALY. 

BY THOMAS KEIGHTLET. 
18mo. 232 pages. Price 42 Cents. 

As mythology is closely connected with History and Philosophy, it 
is believed that its elements can be adyantageously taught in oor 
primary schools. 

The present work is an abridgment of the author^s larger treatise, 
and will be found well adapted to young persons. 

The well-known reputation of the author is sufficient guaranty 
that the pupil who gets his first ideas of mythology from this book 
will not have any thing to urdeam, 

"This is precisely the volume which has long been wanted hi schools. As an tnlio- 
dnetory manual, it contains Information relative to the gods and heroes of antiquity; 
and not an expression occurs which could offend the delicacy of the most serupnloos 
' %.'^—ChritlUan Remmibrancer. 
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FIRST LESSONS IN ENGLISH COMPOSITION. 

BY a p. QUACKENBOS, A. M. 
12mo. Price 46 Centi^ 

These '* First Lessons'' are intended for beginners in Grammar and 
Composition, and should be placed in their hands at whatever age it 
may be deemed best for them to commence these branches — say from 
nine to twelve years. In the first fifty pages, by means of lessons on 
the inductive system, and copious .exercises under each, the pupil is 
made familiar with the nature and use of the different parts of speech, 
•o as to be able to recognize them at once. He is then led to consider 
the difiFerent kinds of clauses and sentences, and is thus prepared for 
Punctuation, on which subject he is furnished with well considered 
rules^ arranged on a new and simple plan. Directions f;>r the use ol 
capital letters follow. I^ext come rules, explanations and examples, 
for the purpose of enabling the pupil to form and spell coiTcctly such 
derivative words as having, debarring, pinning, and the like, which are 
not to be found in ordinary dictionaries^ and regarding which the pupil 
is apt to be led astray by the fact that a change is made in the primi- 
tive word before the addition of the suffix. This done, the scholar is 
prepared to express thoughts in his own language, and is now re- 
quired to write sentences of every kind, a word being given to suggest 
an idea for each ; he is taught to vary them by means of different ar- 
rangements and modes of expression ; to analyze compound sentences 
into simple ones, and to combine simple ones into compound* Several 
lessons are then devoted to Style. The essential properties^ purity, 
propriety, precision, clearness^ strength, harmony, and unity, are next 
treated, examples for correction being presented under each. The 
different kinds of composition follow ; and, specimens having been 
first given, the pupil is required to compose successively letters^ de- 
scriptions, narrations, biographical sketches, essays, and argumenta- 
tive discourses. After this, the principal figures receive attention; 
and the work closes with a list of subjects carefully selected, arranged 
under their proper heads, and in such a way that the increase in dfl^ 
ficulty is very gradual The work has received the universal apprcval 
of Teachers and the Press throughout the Union. 



QUACKENBOS* 
AJ>yANCED LESSONS IN COMPOSITION AND SBETQRia 

(niiaely beadt.) 

1» 
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A DIGEST OF ENGLISH GRAMMAR. 

BY Ifc T. OOVEIX. 
12ino. Price 50 Cents. 

This work, which is just published, is designed as a Text-Book foi 
the use of Schools and Academies; it is the result of long experience^ 
of an eminently successful Teacher, and will be found to possess many 
peculiar merits. 

Ji a r^ffvlar meeting qf the Board qf Education of Boehestert h^id June 18; 1868^ 
fhefoUotoing reacluHon uhm unanimously adapted : 

"Beeolvedf That Oovell's Digest of English Granmuu- be sabstitnted for Wells' 
Onunnuu*, as a Text-Book in the public schools of this city, to take ^eot at the com* 
mencement of fbe next school year." 

Eitiraet from the JUinvtee of a Beffular Meeting of the Board qf EduoaUon qf 
Troy^ May 81«f, 1858w 

"Mr. Jones, from Committee on text-books, and school librarias, moved, that Bol- 
tton's English Orammar be stricken from the list of text-books, and Coveirs be sabstt- 
tated.— Passed.*' 

From forty 'fow Teachers qf Public Schoole^ Fitteburg, Pa, 

" The nndenigned have examined ^ Govell's IMgest of English Orammar,' and are <M 
opinion that in the Justness of its general views, the excellenoe of its style, the brevity, ac- 
curacy, and perspicui^ of its definitions and rules, the numerous examples and illustra- 
tions, the adaption of its synthetical exercises, the simplicity of its method of analysis, 
and in the plan of its arrangement, this work snipassee any other grammar now before 
the public; and that in all respects it is most admirably adi^ted to the use of schools 
and academies.** 

From aU the Teachers qf Public Schools qf the Oity of Alleghany^ Pa, 
**We, the undersigned, Teachers of AUegfaany cily, having carefkilly examined Mr. 
Covell's Digest of English Grammar,* and impartially compared it with other gram- 
mars now in use, are ftilly satisfied that, while it is in no respect inferior to others, it is 
In very many req;>ects much superior. WhOe it possesses all that is necessary for the ad- 
vanced student, and much that is not found tn other graomiarB, it is so simplified as to 
adapt it to the capacUy of the youngest learner. We are confident that much time and 
labor will be saved, and greater improvement secured to our pupils in the study of this 
science, by its introduction into our schools ; hence we eameetiy recommend to the Boards 
of Directors of this city, its adoption as a uniform text-book upon this science in the 
sdiools under their direction.** 

From John J. WoLOorr, A. M., Pr. and Supt 9th Ward School, Pittsburg, Pa» 

** * GovelPs Digest of English Grammar* not only evinces the most unceasing labor, the 
moat extensive research, the most unrelaxing effort, and the most devoted self-sacrificing 
study of its author, but it is the most complete, the most perfect, and, to me, the most 
iatlsftctory exposition of English Grammar that has come to my notice. It appears to 
me that every youth aspiring to become master of the English language, from the rudi- 
1 principles to the fUl, round, beautifol, liaultiess, perfect period, will make this vol 
> bis » vade mecum.' ** 
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axposmoN of the grammatical structure of 

THE ENGLISH LANGUAGE. 

BY JOHN MULLIGAN, A M. 
Large 12mo. 574 pages. |1 50 

This work Is a comprehensive and complete system o English 
Qrammar, embracing not only all that has been developed by the later 
^ philologists, but also the results of years of study and research on the 
part of its author. One great advantage of this book is its admirable 
arrangement. Instead of proceeding at once to the dry details which 
are distasteful and discouraging to the pupil, Mr. M. commences by 
viewing the sentence as a whole, analyzing it into its proper parts, and 
exhibiting their connection ; and, after having thus parsed the sentence 
logically, proceeds to consider the individual words that compose it, in 
all their grammatical relations. This is the natural order ; and expe- 
rience proves that the arrangement here followed not only imparts 
additional interest to the subject, but gives the pupil a much clearer 
insight into it^ and greatly facilitates his progress. 

From Db. Jamb W. Aixxasmb. 

** I Vtiaak jovL fox the opportnnfty of pemsing your work on the Btmotnre of too 
English language. It strikes me as being one of the most valuable contxibntioiis to this 
Important branch of llteratora The mode of investigation is bo unlike what appears 
In oar ordinary compilations, the reasoning is so soand, and the results are so satls&o- 
tory and so conformable to the genius and great authorities of our mother tongue, that 
I propose to recur to it again and agahi.^' 

EoBiraci/i'om aleUerJi'am E. 0. Bsnxdiot, Esq., PretidaiU qfihe Board qfJSduoO' 
Honcfihe OiiyqfireiD York, 

*' I have often thought our language needed some work In which the principles of 
grammatical science and of the structure of the language, philosophically considered, 
were developed and applied to influence and control the uvus and eonsuedo of Horace 
and Quintiiian, which seem to me to have been too often the principal source of solo- 
dsms, irr^ularity and corruption. In this point of view, I consider your work s valu- 
able and appropriate addition to the works on the language.** 

From Wm. Hosaob WratsrsB, Preaid^mt of the Free Academy ^ New Tort. 

• *' The exposition of the grammatical structure of the English language by Professes 
Kulligan, of this city, is a work, in my opinion, of great merit, and well calculated to 
Impart a thorough and critical knowledge of the grammar of the English iangnage. 

** Ko earnest English student can Ml to profit by the study of this treatise, yet it la 
designed more particnlary for minds somewhat maturer, and for pupils who are capable 
and have a doeiro, to comprehend the principles and leam the philosophy of their own 
toiigue.** 
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DICnONARY OF THE ENGLISH LANGUAGE 

BY ALBZANDEB BEID, A. M. 
12mo. 672 pages. Price $1 00. 

This work, which is designed for schools, contains the PaoNUNouTiosr 
and Explanation of all English words authorized bj eminent writers. 

A Vocabulary of the roots of English words. 

An Accented List of Greek, Latin, and Scbiftubx proper names. 

An Appendix, showing the pronunciation of nearly 8,000 of the » 
niiost important Gjeoosafhioal names. 

It is printed on fine paper, in clear type^ strongly bound. 

And is unquestionably one of the best dictionaries for the school- 
room extant. 

From C. B. Hxnbt, Pro/eaaor ^ PhUso9ophy, SUtory, and BeUet-L^Urea, in fh4 
UnUfereity qf the CUy qf New YorJc 

"Beid^s Dictionary of the English Langaage Is an admirable book foi ttie ose ot 
schools. ItB plan combines a greater number (tf desirable conditions for each a work, 
than anj with which I am acquainted ; and it seems to me to be executed in gmerai 
with great Judgment, fidelity, and aoonra^.^ 

From nxNST Bb«d, Profe$tor <if English Literature in (he Univereity of Pennayl- 

vania. 

**Beld'B Dictionary of the English Language appears to have been compiled upon 
cound prlneiplefl, and with Judgment and accuracy. It has the merit, too, of combining 
much more than i« usually looked for in dictionaries cf smaU size, and will, I believe, 
be found exoellert as a convenient manual for general relbrence, and also for TP>ioui 
purposes of education." 



GRAHAM'S ENGLISH SYNONYMS, 
CLASSIFIED AND EXPLAINED; 

WITH PBACnOAL EXERCISES. DESIGNED FOR SCHOOLS AND PBXYATE TU"«Oir 
WITH AN INTRODVOnON AND ILLUSTRATIVE AmHORinEB. 

BY HENET BEED, LL. D. 
1 VoL 12mo. Price $1 00. 

Hub is one of the best books published in the department of Ian 
gnage, and will do mneh to arrest the evil of making too eommon use 
of inappropriate words. The work is well arranged for classes^ and 
ean be made a branch of common school study. 

It is admirably arranged. The Synonyms are treated with reference 
to their character, as generic and specific ; as active and paspiye ; m 
positive and negative ; and as miscellaneous synonyma. 



Digitized byLjOOQlC 



D, APPLSTON f CO^ PUBLISHMRS. 

HAJ^D-BOOK OF THE ENGLISH LANGUAGE. 

BY G. B. LATHAM, M. D., F. B. S. 
12mo. 400 pages. Price $1 25. 

This work is designed for the use of students in the CTniYersity and 
High Schools. 

**Hi8 work is rigidly scientific, and hoQjMjpossflsses a rare yaluo. With the wide- 
•pntadlng growth of the Anglo-Saxon dialed the immense present and prospective 
power of those with whom this is their * mother tongae,^ such a treatise must be counted 
■like interesting and oseful^^— Watchman and B^iector. * 

** A work of great research, much learning, and to every thinking scholar it will be a 
look of study. The Germanic origin of the English language, the aflLiities of the £ng • 
Ish with other languages, a sketch of the alphabet, a minute investigation of the etymo> 
ogy of the language, dec, of great value to every phQologist'*— 0&«tfr«Mr. 



HISTORY OF ENGLISH LITERATURE. 

BY WILLIAM SPALDING, A. M. 

raonasoB or loqio, bhxtobio, akd ustaphtsios, in thb xnnrxitsiTT or n, AKtaBws 

12mo. 413 pages. Price |1 00. 

The above work, which is just published, is offered as a Text-book 
for the use of advanced Schools and Academies. It traces the literary 
progress of the nation from its dawn in Anglo-Saxon times, down to 
the present day. Commencing at this early period, it is so constructed 
as to introduce the reader gradually and easily to studies of this kind. 
Comparatively little speculation is presented, and those literary monu- 
ments of the earlier dates, which were thought most worthy of atten 
tion, are described with considerable fulness and in an attractive 
manner. In the subsequent pages, more frequent and sustained efforts 
are made to arouse reflection, both by occasional remarks on the rela- 
tions between intellectual culture and the other elements of society, 
and by hints as to the theoretical laws on which criticism should b« 
founded. The characteristics of the most celebrated modern works ar« 
analyzed at considerable length. 

The manner of the author is remarkably plain and interesting, 

almost compolliDg the reader to linger over his pages with unwearied 

attention. 
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CLASS-BOOK OF CHEMISTRY. 

BY KDWAED L. TOUMAU8. 
12mo. 340 Pages. Price 75 Cents. 

Every page of this book bears evidence of the author's snperioi 
ability of perfectly conforming his style to the capacity of yonth. Thii 
is a merit rarely possessed by U|d authors of scientific scBool-books, 
and will be appreciated by eye^^iscriminating teacher. It is espe- 
cially commended by the eminently practical manner in which each 
subject is presented. Its illustrations are drawn largely from the phe- 
nomena of daily experience, and the interest of the pupil is speedily 
awakened by the consideration that Chemistry is not a matter belong- 
ing exclusively to physicians and professors. 

From Pbof. Wm. H. Bioklow, PHndpal of Clinton Street Academy, 

** The eminontly practical character of the dass-Book treating of the fiuniUaf ap- 
plications of the science, is in my opinion its chief excellence, and gives it a value fin 
snperior to any other work now before the public" 

iVom David Btxb, A. M., jfbrmorly Principal qf the JBfafhemaHcal Department^ 
and Lecturer in Natural Philosophy ^ Chemistry and Physiology^ in CohtmMa Ool, 

**Mb. YeuMAKS : Dhab Sib, — 1 have carefhHy ozamined your Glaas-Book on Chem- 
istry, and, in my opinion, it is better adapted for use in schools and academies than any 
other work on the subject that has fSdIen under my obeeryation. 

" I hope that the success of your Class-Book will be proportionate to its merits, and 
that your efforts to dlfirtise the knowledge of Chemistry will be duly appreciated by the 
ftiends of education." 

"Either for Schools or for general leading, we know of no elementaiy work o» 
Ghomlstry which in dvcry respect pleases us so much as this." — Com. Advertieer, 



OHAET OF CHEMISTRY. 

BY EDWABD L. YOUMANfl. 

"Youmans* Chart of Chemistry" accomplishes for the first fame, fw 
chemistry, what maps and charts have for geography, astronomy, geo- 
logy, and the other natural sciences^ by presenting a new and admir- 
able method of illustrating this highly interesting and beautiful science. 
Its plan is to represent chemical compositions to the eye by colored 
diagrams, the areas of which express proportional quantities. 

ABOVE, I!f ATLAS FORM, Nearly Rbady. 
18 
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CLASS-BOOK OF PHYSIOLOGY. 

BY B. N. OOMINOS, M. D. 
12mo. 210 pages. Price 90 Cents. 

This volume, which is well adapted to the wants of schools and 
Mademies, has been prepared fix>m the "Principles of Physiology," 
by Comings and Comstock, and is brought out in its present form at 
the urgent request of numerous friends of education who have highly 
commended that work, which was found too expensive for general use 
in the school-room. ' 

It will be found to explain and illustrate fully and clearly as many 
principles of physiology as can be expected in a work of its limit 
That human physiology can be made more easy of comprehension, more 
profitable, and more attractive to Ae beginner of the study, by appro- 
priate references to the comparative physiology of the inferior animals, 
than by any other method, is an established fact in the mind of the 
author, which he has made eminently available in the preparation oi 
tills work, thus giving to this work peculiar claims to the attention of 
teachers. 

The work is illustrated by 24 plates and numerous wood-engrav- 
ings, comprising in all over 200 figuMB. 

COMPANION TO ABOVE. (In Pbess.) Containing illustrationB 
and Questions. 

COMMON SCHOOL PHYSIOLOGY. Dr. Comings. (Nbaelt Ready.) 

From Abkahah Powklbon, Jr., Teat^r, JSTo. 204 Sdhermerhom Stirt^ Brooklyn, 
ITewTork, 

** After a very careftil examination of the Claas-Book of Physiology, by Comings, I 
can f^Iy say that I consider it a performance of superior excellence. It embodies a 
fUnd of information surpassing in importance and variety that of any other work of the 
kind which has come under my notice.** 

Firom AimBxw J. Wxlijes, Qlationbwry, Conn, 

**■ It appears to me to be admirably adapted to the pnrpose fbr which it was designed 
and I think will readily be admitted into oar schools.** 

^ The illnstrationB are more complete, and in a style saperior to any I have evci 
seen in a school-book, making it really attractive to the eye.** 

From Wm. D. Shipmai7, Ecu^ Saddam, Ot 

** Please accept my thanks for a copy of your * Class-Book of Physiology, by Dr 
Comings.* I have ^ ven the work a somewhat oareftil examlnatloii, and am very sttongl 
Impressed with its value as an elementary work fbr schools and families. It oontaiuk 
a simple and lucid exhibition of the subject upon which it treats, and iHnstrates the 
idences by a great amount of Instructive and curious information, which eannot fidl to 
4aake it an attractive book fbr ingenious young persons.** 
19 
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MANUAL O F ELEMENTAEY GEOLOGY 

BY SIB CHABLES LTELL, M. A., F. E. 8. 
1 Vol 8vo. 512 pages. Price $1 75. 

This is a reprint of the fourth Loudon edition of a work of distin' 
guished riputation, beautifully illustrated by Five Hundred "Woodcdts. 
Being the production of a wi'iter who stands at the head of the depart- 
ment of knowledge :^hich he has undertaken to explain, is sufficient 
guaranty for the invaluable character of the work for the scientifio 
reader aod observer, as well as for general use in our seminaries of 
learning. 

"Thero is no branch of natural science where there is a more qaickly recurring ne- 
eeaAty for new editions of dementaiy books, than Gkologj. It is itself bat the germ ol 
a 8cience,*dall7 gathering firesh foots and extendlDg its jnri»liction over new fields of ob- 
servation. What was a satisbctory aoconnt of its discoveries a few years i^o, is now ob- 
solete. And among the scholars and observers who have done most to advance th« 
science, and are most competent to elucidate its present condition, is the author of the 
volume before usJ"— Charleston Mercury. 



PRINCIPLES OF GEOLOGY. 

BY SIB OHABI^ES Lt£tL, A. M., F. B.B. 
1 Vol. 8vo. 884 pages. Price $2 26. 

"This is a noblo volume of over 800 pages, 6vo., on &ir paper, In clear type^ and 
abundantly illustrated with maps, engravings and woodcuts— an honor to the publishers 
who have issued it, and speaking well for the progress in scientific studies in this coun- 
try—inasmuch as It would not be re-published, without a fair prospect of a remunerat- 
ing sale. It is a book that we cannot pretend to review ; but we take pleasure in an- 
nouncing its appearance as a work which those of our readers interested in the growings 
and in many respects very practical science of geology, will be glad to see. The author 
stands among tbe foremost of those who have devoted themselves to reading the histc33ry 
of the earth as written in and upon its own bosom."— CAH«ttaf» JRegieUr, 

** It will only be necessaiy to announce this new and handsome edition of t^yeira 
standard work on geology, to induce aU lovers of this most instructive science, to secure 
a copy of the work, If possible ; for every successive edition of such a work has a value 
which none of Its predecessors had, inasmuch as new discoveries are being constantly 
Dcade by the active author, and otiier distinguished geologists, which illustrate topiof 
dlMossed in the wotV— Boston I^aveller, 



GREEN'S BOTANY. 

QUAKTO. BEATIFITLLY ILLUSTRATED. 

Designed for the Use of Sohoolsi 

(NSABLT RSAOT.) 
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GREEK AND liATIN— GonUnned. 

BEZA*8 Latin Taitame&t i^mo is 

CJESAB'8 Commentariei. Notes by Spencer. 12ino 1 OO 

C HAM PLDrs Short and OomprehtxiaiTe Greek Grammar. i2mo 75 

CICEBO Be Offleiil. Notes by Thatcher. 12ino 90 

Seleet Orationa. Notes by Johnson. 15hno 100 

HBBOD0TU8} with Note^ by Prof. Johnson. 12mo 75 

HOBA CT. With Notes, &c., by Lincoln. 12ino 125 

j mJcmB ICK'S Greek Ollendorfll i^mo 100 

TACITUS' Hiftoriei. Notes by Tyler. 12mo 125 

Germania and Agrioola. Notes by do. i2mo os 

ZEKOFHOITS Memorabilia. Notes by Robbins. New rey. edit. 12mo 1 00 

8ALLITST1 with Notes by Prof. Bntler. 12mo 

KUHHEB'S Elementary Greek Grammar. By Edwards and Taylor 

New improved edition. 12ino 1 50 

LIVT. With Notes, Ac., by Lincoln. 12nio. Map 100 

QumxuB CUBnUBBUFUi^ lift and Ezploiti of Alexander tlie Great 

Edited and illustrated, with English Notes, by Professor Crosby. 12mo 1 00 

SOFHOGLES* Oedipni Ijrrannnfl. With English Notes, by Howard 

Crosby. 12mo 75 

FRENCH. 

BABOIS'S Giammar for Etenehmen to learn EngUfh ivoLi2mo 100 

KEY to do. 60 

GHOITQXJErs French Ckmvenatiooa and Bialognei. i8mo so 

TonngLadiei'Gnide to French Competition, ismo 75 

COLLOT'S Dramatie French Beader. ismo 100 

COUTAH, A, Choix de Pociiei. i^mo 100 

BE IIVA'S Elementary French Boeder. i6mo 50 

—— Claario do Wmo 100 

yieWMLOTra TieT.TElffAQirg Edited by Surenne. 1 vol. 18mo SO 

or bound in 2 vols. 18mo 62 

Le Nonve an Teetament Par J. F. Ostervaid. 32nio 38 

OLLEHBOBFTS New Kethod of '^■^^^v^ French. Edited by j. L. Jeweiu 

12rao 1 00 

Method of Leaznin^ French. By v. Value. Wmo 100 

KEY to each ToL 75 

Fint LecMma in French. By G. w. Greene, ismo so 

OOlCPABION to Ollendorirs French Grammar. By G. W. Greene. iQmo 75 

OLLEBBOBFF'S Grammar ibr Spaniards to Learn French. By Simonne. i2mo. 2 uo 

BOEKEB'S Fint French Beader. i2mo 100 

SeoODd do. 12nio 125 

BOWAITS Kodem French Beader. ismo 75 

smON HgS Treatiae on French Verbe. ivol 60 

SPIEB8* and Snrenne'e Ckmplete French and Engliah, and Engliah and 
French Dictionary- With Pronunciation, &c., &c. One large 8vo. vulume, 

of 1490 pp rir Sheep, 3 00 

8PIEB8 AED SUB£NNE*8 Standard Pronoancing Dictionary of the French 

and Engliah Languages. (School Edition.) Containing 973 pp. 12nio. new 

and large typo 1 50 

STJBENKE'S French and Engliah and Engliah and French Dictionary. 

16mo. 5d3 pp 90 

French Xannal and Traveller'a Companion. Wmo...* 69 

"^TAIBE'S HiatoiredeCharleeZn. Par Snrenne. iSmo 50 
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ADLEB'S Frpg^essiTe OennanBeader. i^mo i tx) 

Oerman and fiigliah and English and German Dictionary. Com- 
piled from the best authorities. 1 vol., large Syo. Half Russia 5 00 

Abridged German and Engliah and English and German Dic- 




tionary. 12mo. 840 pp.. HalfRussia, 

ADL^'S Hand-Book of German Literature. i2mo 
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